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Abstract

We construct a dynamic general-equilibrium model of search and matching where public

knowledge grows through time and workers accumulate a fraction of this knowledge through

education/retraining. Due to search delays, the unemployment pool is populated by vintages

of workers of differing productivities. Through intergenerational rivalry, the human capital of

older generations is rendered obsolete relative to that of the new blood. Higher knowledge

growth exacerbates intergenerational competition, thereby lowering education and growth

while raising unemployment and inequality. These findings help explain wage compression/

expansion and the hump-shaped wage-tenure profile across cohorts.
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Nomenclature

English Alphabet (lower case)

a0 value of hiring a worker (or worker productivity)
aH high-type worker productivity
aL low-type worker productivity
c schooling cost
e effective labor units
h time increment
k private stock of human capital
m flow matches
m0 matching parameter
m̃0 a critical value for m0
q experience adjusted vintage

q̂U critical point of q at which an unemployed worker retrains himself

q̂E critical point of q at which an employed worker is retrained at a given
firm

q̂E0 critical point of q at which a newly employed worker is first retrained

r subjective discount rate
s schooling effort (or education)

%s society’s average level of education
t time index

tb birth date
t0 employment date
w capitalized value of wage in effective units
u; v; z integration dummies
gðqÞU steady-state density function of unmatched type-q workers

gðqÞE steady-state density function of matched type-q workers

zðqÞ defined as a0 exp½�q�

(upper case)

Ai transformed constants in various parameters ði ¼ 1; 2; 3; 4; 5; 6Þ
Bi transformed constants in various parameters ði ¼ 1; 2; 3; 4; 5; 6; 7; 8; 9Þ
C0 retraining cost
E mass of employed workers
H vintage human capital
K public knowledge
K0 initial stock of public knowledge
M matching function
Q terminal value of q

DQ defined as Q-q
QE critical point of q at which firm retrains its worker
T terminal search horizon
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U mass of unmatched workers
V mass of vacancies
W0 transformed constant in various parameters

Ỹ flow output
Y flow output in effective units
GðqÞU steady-state cumulative distribution function of unmatched type-q

workers
GðqÞE steady-state cumulative distribution function of matched type-q workers

FðqÞU steady-state cumulative probability-distribution function of unmatched

type-q workers
FðqÞE steady-state cumulative probability-distribution function of matched

type-q workers

J̃ðt; qÞU type-q worker’s unmatched value at date t

Jðt; qÞU type-q worker’s unmatched value at date t in effective units

J̃ðt; qÞE type-q worker’s matched value at date t

Jðt; qÞE type-q worker’s matched value at date t in effective units

Sðq; IÞ surplus generated from a match with a type-q worker (I ¼ 0 or 1)
Ṽðv; t0; qÞ type-q worker’s valuation hired by firm v at employment date t0

Vðv; qÞ type-q worker’s valuation hired by firm v in effective units

W̃ðt0; qÞ flow wage of a type-q worker employed at t0

WðqÞ flow wage of a type-q worker in effective units

Greek (lower case)

b birth and death rate
b0 defined as bþ r þ d
*b defined as bþ r � gG
gG exogenous public knowledge growth rate
gE on-the-job learning rate
gU human capital depreciation rate during unemployment
d flow job separation rate
#d defined as d=ð *bþ dÞ
li characteristic roots
m flow worker contact rate

%m upper bound of m
Z flow vacancy contact rate

%Z upper bound of Z
ZEE flow vacancy contact rate function under equilibrium entry

ZSS flow vacancy contact rate function under steady-state matching
n0 fixed entry cost
t vintage (or total labor market experience)
tE employment tenure
tU unemployment duration
f fraction of knowledge acquired by individual
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New blood: ‘‘new members or elements, with new ideas and experiences, admitted
to a society or organization.’’ [Oxford English Dictionary 1999, Second Edition.]

1. Introduction

Employers are often keen to fill vacant posts with ‘new blood,’ reflecting the
‘vitality’ and ‘vigor’ that such workers are capable of bringing to an organization. In
this paper we posit and study a mechanism wherein the cutting edge of new blood
workers stems from economic growth. To this end, we consider an environment in
which: (i) the stock of productive public knowledge grows through time and (ii) new
entrant workers acquire a proportion of this knowledge through their educational
efforts while young. Once their schooling is complete, workers enter the primary
labor market and search for employment. The time consuming nature of search,
random job break ups, and the individual embodiment of human capital imply that,
at any given point in time, the labor market is populated by overlapping generations
(‘vintages’) of workers of differing productivities. The members of current
generations of workers, by virtue of their recent acquaintance with the ‘state of
the art’ knowledge, enter the labor market with a productive edge relative to
previous entrants.
As a practical illustration of this phenomenon, consider the experience of a typical

high school graduate: today such a student might be expected to have a basic
working knowledge of computers; no such expectation would be held for a similar
student of even two decades ago. Similar patterns of knowledge growth and human
capital obsolescence may be observed in diverse professional occupations, such as
surgery, where sole reliance on a steady hand has given way to the use of the laser, or
in basic research, where today’s cutting edge work often ends up in the form of
routine exercises solved by tomorrow’s crop of graduate students.

ARTICLE IN PRESS

%f upper bound of f
x an elasticity defined as �ðm=ZÞðdZSS=dmÞ
tðqÞM maximum tenure of a type-q worker at a given firm

wðmÞ transformed function of m

(upper case)

Di transformed constants in various parameters ði ¼ 1; 2Þ
GE on-the-job-learning function
#PF expected value of filling a vacancy
*PðtÞV value of unfilled vacancy at date t

PðtÞV value of unfilled vacancy at date t in effective units
*Pðt; qÞF value of filled vacancy with type-q worker at date t

Pðt; qÞF value of filled vacancy with type-q worker at date t in effective units
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Of course, a more mundane explanation of this phenomena is that after reaching
some critical point, workers’ human capital levels relentlessly decline with age. This
view is clearly relevant for some occupations, such as professional sports and certain
types of manual labor, where strength and ability are critical. Yet, it is less obviously
pertinent for others, such as the legal, management, information technology,
medical, and other research/technical professions, in which real wages and arguably
productivity often (weakly) increase with labor market experience. It is for these
latter occupations, in which knowledge growth is important, that our framework is
intended.1

We construct a dynamic general-equilibrium model that encompass the emergence
of the new blood phenomenon and study its labor market consequences. The
framework we propose is one in which knowledge growth and its subsequent
embodiment in new entrant workers gives them their competitive edge.2 This
structure leads to a form of intergenerational rivalry in which the human capital of
older generations is rendered obsolete relative to that of younger ones.3 In contrast
to the recently developed endogenous growth literature (emphasizing the importance
of human capital for growth), our approach focuses upon the reverse effect of
growth on human capital acquisition and labor market efficacy.
We show that the new blood effect may have profound implications for labor

market behavior. These effects include: (i) changes in the life-cycle wage pattern for
individual workers, (ii) an explanation for the Mincer hump-shaped earnings-tenure
profile observed in cross-section studies, and (iii) the compression and expansion of
the aggregate wage distribution observed in time series data.4 Also, as a corollary of
our approach, we are able to offer novel insights into the effect of growth on
unemployment.

ARTICLE IN PRESS

1Neuman and Weiss [28] distinguish between two types of human capital depreciation: internal and

external. The first type is the depreciation attributable to the worker, e.g., loss of physical ability and

mental capacity due to a worker’s aging. The second type is the depreciation caused by external factors,

e.g., loss of market value due to changes in the economic environment, such as obsolescence of a worker’s

education. Using data from the Israeli Census, they find strong evidence for the presence of external

depreciation, especially in high-tech oriented industries. The new blood effect identified in this paper

coincides precisely with their concept of external depreciation.
2Following Stokey [37] and Laing, Palivos and Wang [19] we explicitly distinguish between the stock of

knowledge available to society as a whole and that which is possessed by any particular individual in it.
3An elementary (but important) point is that small differences in growth rates can have profound effects

on levels. For instance, suppose the productivity of each generation is simply proportional to the present

stock of public knowledge and knowledge grows at a constant rate. Then, with a growth rate of 1% it

would take about 69 years before new entrant workers became twice as productive as the current

generation. Alternatively, if the growth rate is 10% it would take only 6.9 years.
4 It is a well-known empirical fact that real earnings-tenure profiles are ‘hump-shaped’ (see, for example,

Mincer [23], Murphy and Welch [27], and Neuman and Weiss [28]). Also, wage income disparities by

cohort or by tenure were narrowed in the 1940s and sharply widened in the 1960s and 1980s. These

phenomena are, respectively, referred to as wage compression and wage expansion—see Goldin and

Margo [15], Solon et al. [36], and Murphy and Welch [27], respectively, for the 1940, 1960 and 1980

episodes.
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The paper is structured as follows. Section 2 describes the environment, and
Section 3 presents the key steady-state relationships underpinning the model. For
ease of presentation, Sections 4 and 5 consider a simple version of the model in
which: (i) the only source of growth is an exogenous increase in the stock of public
knowledge (in particular, we rule out on-the-job learning) and (ii) there is no loss of
skill during unemployment. Section 4 derives and studies the properties of the
equilibrium wage agreement, while Section 5 characterizes the general equilibrium
properties of the model. Section 6 considers endogenous education and admits
worker re-training. Section 7 analyzes several extensions of the model, including
more realistic versions, which relax the restrictions imposed earlier, as well as a
directed-search variant in which the wage fulfills its familiar allocative role.5 Finally,
Section 8 offers some concluding remarks.

1.1. Related literature

Chari and Hopenhayn [8] present an overlapping-generations model with on-
going technological improvement and investment in technology-specific human
capital. As a result of these specificities, they are able to establish technological
diffusion in which the peak use of a new technology occurs some time after its initial
introduction. However, in their model workers live for but two periods and possess
skills in only one of them. As a consequence, their paper cannot address the new
blood effect, which is the focus of this paper.
There are some related papers studying how technical progress may affect labor

market outcomes in the presence of search frictions. In Aghion and Howitt [4],
technological advancement leads to the creation of new jobs (by stimulating entry
through raising the returns from production) as well as the destruction of jobs (in
obsolete sectors). They show that either effect may dominate and that the
unemployment rate need not be monotone in the innovation rate. Mortensen and
Pissarides [26] consider destruction and creation of jobs over the business cycle and
calibrate the creative destruction dynamics. An important distinction between this
paper and theirs is that whereas they focus on the creative destructive effects of new
technologies on unemployment, we consider the consequences of intergenerational
rivalry and skill obsolescence on human capital accumulation and income
distribution.
Laing et al. [19] construct a search model that examines the relationship between

trade frictions and both the level of education undertaken by workers and the rate of
on-the-job learning. However, although that paper includes education and search, it
differs substantially in both structure and focus from this paper. In particular, since
in that paper there is no public knowledge growth there is neither the possibility of
intergenerational competition nor that of a ‘new blood’ effect. These latter two
features are the quintessence of the current paper.
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5Our basic search and bargaining framework is of the sort considered in the pioneering papers of

Diamond [13], Mortensen [25] and Pissarides [31]. Our directed search model builds upon Moen [24].
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2. The basic framework

We construct a search model incorporating knowledge growth and human capital
obsolescence. Time is continuous, beginning at date t ¼ 0: The economy is populated
by a continuum of workers, with mass normalized to unity, and a continuum of
firms, whose population is determined as part of the equilibrium. All agents are risk
neutral and discount the future at the common rate r40:
There are three separate theaters of economic activity, corresponding to an educational

sector, a primary ‘search’ labor market, and a competitive secondary sector (which can
also be interpreted either as ‘long-term’ unemployment or as ‘home production’).

2.1. Workers and firms

Workers are born and die at the rate b: Immediately after their birth they enter the
educational sector and accumulate human capital. We assume that educational
effort, s; is costly and, for simplicity, instantaneous. Once their education is
complete, workers enter the primary-labor market in search of employment. Each
worker is endowed with a unit of labor, which is supplied inelastically without
disutility from effort.
The primary sector is populated by many firms, each of which possesses a fixed-

coefficient production technology capable of utilizing the labor services of at most
one worker. We assume, through a suitable choice of units, that, at each point in

time, the flow output, ỸðtÞ; produced by a worker equals his stock of human capital
HðtÞ: In this sector, unemployed workers and unfilled jobs are brought together
through a stochastic matching technology.6 The instant a vacancy and a worker
make contact, they bargain over the division of any surplus. If an agreement is
reached production commences immediately.
We assume that vacancies are completely durable and are homogeneous in every

respect. In the event of an employee’s death, firms re-enter the labor market and
search for new employees. In addition, we assume that matches dissolve at the
constant rate dX0: This formulation leads to the subsequent re-entry of workers into
the primary labor market, which enables us to study workers’ retraining decisions in
the presence of human capital obsolescence. We model the secondary sector
parsimoniously. There workers can instantly locate employment at a competitive
flow wage normalized to zero.

2.2. Human capital

As in Stokey [37], we distinguish between the stock of public knowledge, KðtÞ; and
the quantity of human capital kðtÞ acquired by a given worker through his
educational efforts. With regard to KðtÞ; we assume that research and development
activities lead to innovations and discoveries that continually add to the economy’s
stock of public knowledge, causing it to grow at the exogenous rate g

g
40 (we discuss
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6 In Section 7.3, we consider a directed-search approach to our model.
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the welfare implications of endogenizing g
g
in Section 6.1.2). This yields,

KðtÞ ¼ K0 exp½ggt� K040; ð2:1Þ

where K0 is the initial stock of knowledge. Increases in K0 are used to model the
effect of a once off increase in knowledge resulting, for example, from a major
discovery or innovation. Educational effort, s; enables workers to absorb a
proportion of the available stock of knowledge, KðtÞ; which raises their productivity
and their wage income once employed. Consider:

Assumption 1. An individual born at date t; who exerts initial schooling effort s;
accumulates a private stock of human capital k; given by

kðs; tÞ ¼ fðsÞKðtÞ: ð2:2Þ

The function f :Rþ-½0; 1� is strictly increasing, strictly concave, and twice

continuously differentiable, satisfying: fð0Þ40 and lims-N fðsÞp %fo1:

Notice in (2.2) that an individual’s success in accumulating human capital depends
not only upon his schooling effort, s; but also upon the total stock of knowledge,
KðtÞ; available to him at the date his education takes place. This is the essence of the
new blood effect: for any given level of schooling effort, s; future generations of
workers, by virtue of the growth of KðtÞ; possess a productive edge relative to the
members of earlier generations. According to Assumption 1 there are diminishing

returns to investment in education. The boundary conditions, fð0Þ40 and %fo1
ensure, respectively, that, regardless of s; workers always possess some human
capital and that workers are never omniscient.

Consider a point in time t and a worker born at some previous date tbpt: At date t

this worker’s total labor market experience, or ‘vintage,’ t; is simply: t 
 te þ tu ¼
t � tb; where te is the worker’s accumulated employment experience and tu is the
total time he has spent unemployed. The pair ðte; tuÞ is the worker’s realized labor
market history at that point. Although much of our analysis focuses squarely on the
effects of intergenerational rivalry, in setting up the model it is useful to consider a
more general environment that allows for the accumulation of skills on the job and
for the loss of skills while unemployed.7 Assumption 2 describes the evolution of
worker human capital with respect to ðte; tuÞ:

Assumption 2. (i) Workers acquire general human capital at the constant rate g
e
X0

through on-the-job learning; (ii) during unemployment workers’ skills atrophy at the

constant rate g
u
X0:
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7Several authors have argued that one of the key problems associated with protracted spells of

unemployment is that during such times workers’ skills may decline to the point of obsolescence. Phelps

[30] and Layard et al. [21] consider this possibility, whereas Jacobsen et al. [17] and Ruhm [35] provide

empirical evidence of earnings losses of displaced workers. Pissarides [32] develops a model with a loss of

skill during unemployment and shows that, in such an environment, the effects of a temporary

contractionary shock can persist for a long time. Coles and Masters [10] construct a model of optimal

unemployment insurance with skill loss.
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The assumption, in part (i), that only general human capital is acquired on the job
is inconsequential, since only general human capital is transferred between matches
and all of the results of interest in our paper occur as workers make the transition
into and out of unemployment.8 Assumption 2 implies that the date t human capital
possessed by a vintage t worker with history ðte; tuÞ is given by

Hðt; s; te; tuÞ ¼ kðs; t � tÞ exp½g
e
te � g

u
tu�; ð2:3Þ

where t � t is the date the worker completed his education. Using (2.1) and (2.2) in
(2.3) gives,

Hðt; s; te; tuÞ ¼ kðs; tÞ exp½�ðg
g
� g

e
Þte � ðg

u
þ g

g
Þtu�: ð2:4Þ

Notice in (2.4) that the new blood effect, operating through g
g
; re-enforces any loss

of human capital that workers may experience during unemployment. The new
blood effect is also quite distinct from this latter phenomenon, since, as (2.4) makes
clear, it also operates while the worker is employed. In the subsequent analysis
considerable use is made of,

q ¼ qðte; tuÞ 
 ðg
g
� g

e
Þte þ ðg

u
þ g

g
Þtu: ð2:5Þ

Inspection of (2.4) reveals that qðte; tuÞ characterizes the human capital possessed by
a vintage t-worker (with history ðte; tuÞÞ relative to that possessed by a worker from
the most recent generation ðkðs; tÞÞ: Notice, if q ¼ 0 the worker’s human capital is

kðs; tÞ; which is identical to that possessed by the newest crop of entrants. In
contrast, if q40 ðqo0Þ the worker has faced a relative decline (increase) in human
capital. The function qð�Þ is consequently a mapping from each worker’s realized
labor-market history ðte; tuÞ into a variable q that determines his relative-to-new-
entrant human capital. In what follows we call q the worker’s experience adjusted

vintage and, for brevity, often refer to it simply as either the worker’s adjusted vintage

or his type. The convention that a larger value of q represents a relative decline in
human capital is quite natural, since, in this paper, it is workers from older vintages
who suffer from human capital obsolescence. Given the earlier normalization that

flow output, ỸðtÞ; produced by a worker equals his human capital stock, HðtÞ; we
can use (2.4) and (2.5) to write,

ỸðtÞ ¼ Ỹðt; s; qÞ ¼ kðs; tÞ exp½�q�: ð2:6Þ

Our analysis of the steady-state properties of the model is facilitated by measuring all
of the variables in terms of effective-labor units, defined by: eðtÞ 
 exp½g

g
t�: Thus,

flow output per effective labor unit, Y ; equals:

Y ðs; qÞ 
 Ỹðt; s; qÞ=eðtÞ ¼ K0fðsÞ exp½�q�: ð2:7Þ

Notice from (2.7) that conditional upon a given level of education, the worker’s q-
value uniquely determines his flow output. Thus, the worker’s type q embodies all of
the economically relevant information about his labor market history, ðte; tuÞ at that
point.
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8 In Section 7.2, we allow the rate of on-the-job learning, g
e
; to depend upon the length of the worker’s

tenure at the firm.
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2.3. Entry

We assume that firms incur a constant cost, n0; (in effective units) each time they
enter the labor market.9 The entry cost v0 possesses a variety of interpretations,
including the (irreversible) cost of a unit of capital as well as the cost of advertising
the vacancy. We assume unrestricted entry of firms into the search market, so that
any number of firms can, upon paying the entry fee n0; (instantly) move into the
primary sector should it prove profitable for them to do so. In practice, the cost of a
unit of capital depends upon a host of factors, such as the availability of credit and
the economy’s tax structure; the latter is often geared toward providing investment
incentives. We impose the following condition:

Condition N. (i)
R
N

0 exp½�ðr þ bþ d� ðg
g
þ g

e
ÞÞu�Y ð0; 0Þ du4n0; (ii) bþ r4g

g
þ g

e
:

Part (i) of Condition N ensures a non-degenerate equilibrium, since firms enter the
primary labor market regardless of workers’ initial schooling effort, s: Part (ii)
requires that the growth-adjusted discount rate is always positive, so that all
expected-discounted valuations are bounded above.

2.4. Matching

Let UðVÞ denote the mass of searching workers (vacancies) in the primary sector.
The flow probability that a worker (vacancy) locates a vacancy (worker) is denoted
mðZÞ: Since vacancies are filled by one (and only one) worker, it follows that:

mU ¼ ZV : ð2:8Þ

Although m and Z are determined in equilibrium, both workers and vacancies treat
them as parametric when making their decisions. The search environment is
characterized by a matching technology, m ¼ m0MðU ;VÞ; which describes the
instantaneous flow meeting rate between unfilled vacancies and searching workers.

Assumption 3. The matching function M :R2þ-Rþ; (i) is twice continuously

differentiable, strictly increasing and strictly concave in each argument, (ii) exhibits

constant returns to scale and (iii) satisfies the Inada conditions: lim j-0 M j ¼ N;

lim j-N M j ¼ 0; j ¼ U ;V ; and the boundary conditions: Mð0;VÞ ¼ MðU ; 0Þ ¼ 0:

An increase in the number of participants on either side of the market raises the
instantaneous level of matches, but at a diminishing rate [part (i)]. The Inada
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9The main defense of the first part of this assumption is that (i) this formulation is necessary for

balanced growth (see, for example, Aghion and Howitt [3]) and (ii) allowing for general time-dependent

formulation quickly leads to an intractible structure. The second part of the assumption, that v0 is incurred

each time the firm (re-)enters the labor market is made purely for simplicity and, indeed, is relaxed in

Section 7.2. We remark that admitting a flow search cost v1 in addition to v0 does not alter the main

findings of the paper.
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conditions ensure an interior steady-state solution. The extent of the search frictions
in the primary market is conveniently parameterized by m040: An increase in m0
raises—for given U and V—the instantaneous matching rate and therefore reflects a
reduction in the severity of search frictions. In practice, the severity of market
frictions will depend upon factors such as the quality of the economy’s
infrastructure.

2.5. Asset value functions

At any point in time a worker is either employed (e) or is unemployed (u).
Likewise, a firm is either currently employing a worker (f) or else is looking for one

(v). Define, J̃ðt; qÞE as the value to a type q-worker of accepting employment at date

t: Likewise, let J̃ðt; qÞU represent the value to the worker of remaining unemployed at
that time. Similarly, *Pðt; qÞF and *PðtÞV represent the respective values to a firm of
filling a vacancy at date t with a type q worker or holding open the vacancy. Our
analysis of the steady state is facilitated by measuring all variables in terms of

effective-labor units, eðtÞ 
 exp½g
g
t�: Accordingly, define: JðqÞE 
 J̃ðt; qÞE=eðtÞ; and

JðqÞU 
 J̃ðt; qÞU=eðtÞ: Likewise, let: PðqÞ 
 *PðqÞF=eðtÞ and PV 
 *PðtÞV=eðtÞ:
Consider:

Proposition 1 (Asset values). Under Condition N; the asset value functions for each

qpQ are:

JðqÞE ¼wðqÞ þ d
ðg

g
� g

e
Þ

Z Q

q

exp �bþ r þ d� g
g

g
g
� g

e

ðv � qÞ
� �

JðvÞU dv

if g
e
ag

g
; ð2:9Þ

JðqÞE ¼ wðqÞ þ d
bþ r þ d� g

g

JðqÞU if g
e
¼ g

g
; ð2:10Þ

JðqÞU ¼ m
g
g
þ g

u

Z Q

q

exp �bþ r þ m� g
g

g
g
þ g

u

ðv � qÞ
� �

JðvÞE dv; ð2:11Þ

PðqÞF ¼ a0 exp½�q� � wðqÞ; ð2:12Þ

PV ¼ Z
Zþ r � g

g

#PF; ð2:13Þ

where a0 
 aðs;K0Þ ¼ fðsÞK0
ðrþbþd�g

e
Þ; Q is a limit of integration (determined below), and

#PF 
 EfPðqÞFg is the expected value of filling a vacancy with a worker drawn at

random from the pool of unemployed job seekers.
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In (2.9), (2.10) and (2.12) the term wðqÞ is the expected discounted value of wage
income received by the worker (measured in effective units). In what follows we refer
to wðqÞ simply as ‘the wage’ and assume that at each point in time a worker’s flow
wage income, W ; is proportional to his current stock of human capital.10 In (2.12)
the term a0ðs;K0Þ exp½�q� equals the expected discounted revenues accruing to the
firm from hiring a type q worker. It follows that a0 
 aðs;K0Þ is the value of hiring a
worker who belongs to the most recent generation.
The asset-value functions possess straightforward interpretations. For example in

(2.9) the value to a worker from employment equals the expected discounted present
value of his wage income plus the value to him of unemployment in the event the
match dissolves (which occurs with flow probability dÞ: Notice that the integral in
(2.9) captures the evolution of the worker’s type q; over the course of the match. This
is crucial, since in the event that the match subsequently dissolves the worker must
re-enter the labor market with a suitably updated type, q; relevant for his new labor
market experience. This consideration also explains the form of (2.10). If g

e
¼ g

g

the worker’s type q is invariant to the length of tenure in the current match, since the
relative gain in human capital through on-the-job learning is exactly offset via the
relative loss that occurs through general knowledge growth [see Eq. (2.5)]. The asset
value (2.11) is interpreted in a similar manner. From the firm’s perspective, the value
of filling the vacancy, PðqÞF; with a type q worker equals expected discounted

revenues minus expected discounted costs. Finally, the value of holding open a
vacancy, PV; equals the value of sampling a worker at random from the pool of
unemployed workers ð #PFÞ suitably discounted by the probability of finding a worker
ðZÞ and by the growth in average worker productivity ðg

g
Þ over the sampling period.

2.6. Bargaining

A match between a searching worker with human capital HðtÞ ¼ Hðt; s; qðte; tuÞÞ
and a vacancy may lead to a positive surplus that can be divided between the two
parties through a suitable wage payment. Negotiations are conducted instanta-
neously according to a symmetric Nash bargaining solution.11 Of course, even with
an equal-division rule, the returns to each party are endogenous and depend upon
both matching rates as well as the other variables of the model. The surplus accruing
to type q worker-firm match is, maxfðJðqÞE þPðqÞF � ðJðqÞU þPVÞÞ; 0g: In a
symmetric Nash bargain, this is equally divided between the bargaining parties,
which in effective labor units gives,

JðqÞE � JðqÞU ¼ PðqÞF �PVX0; ð2:14Þ

completing the formal description of the model.
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10Although we impose this as an assumption, it may be derived as the outcome of a (continuous time)

bargaining game in which (over a given epoch) the threat point, in the event of disagreement, is no

production (see Binmore et al. [6]).
11With risk-neutral agents, the use of the Nash solution to bargaining problems in a dynamic

environment is justified in Coles and Wright [9] via an application of sequential bargaining theory.
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3. Steady states

In this section we determine: (i) the set of active job seekers, by evaluating the limit
of integration Q; given in Proposition 1, (ii) the distribution of q in the populations
U and E; (iii) the steady-state matching rate between unemployed workers and
vacancies and (iv) the steady-state populations of job seekers and employed workers.
We begin by deriving Q:

3.1. The terminal experience-adjusted vintage: Q

Lemma 1 (The terminal value Q). The terminal employment-experience-adjusted

vintage is given by

Q ¼ ln½aðs;K0Þ=PV�40 ð3:1Þ

which possesses the following properties:

(i) Workers search for primary sector employment if and only if qpQ:
(ii) (Comparative statics) @Q=@s40; @Q=@K040; @Q=@PVo0:

The inequality reported in (3.1) follows directly from the individual rationality
condition embodied in the Nash bargaining solution (2.14). Part (i) of the Lemma
indicates that if q4Q; the opportunity cost of filling the vacancy exceeds the
potential benefit from the match, even if the worker accepts employment at a zero
wage.12 This finding is analogous to Akerlof ’s [5] notion of jobs as ‘dam-sites’.
However, there unemployment is generated by assuming that the number of
unemployed individuals exceeds the exogenous supply of vacancies, whereas in this
paper the population of vacancies is endogenously determined as part of the
equilibrium. Part (ii) indicates that the terminal value Q is increasing in s and K0: The
reason is that these changes raise, for each q; the value of a worker-firm match.
The boundary condition Q; completes the description of the asset-value equations
reported in Proposition 1.

3.2. The distribution functions: FðqÞU and FðqÞE

The primary-labor market is subject to the continual inflow b of new entrant
workers as well as the outflow of older workers who either die, or retire to the
secondary sector after reaching the terminal point Q described in Lemma 1.
Furthermore, during the time that they are active in the primary sector, workers
make a series of job to unemployment transitions and vice versa. This behavior
induces a distribution of, q; in the extant populations of unemployed job seekers, U ;
and currently employed workers, E: Lemma 2 presents the associated steady-state
cumulative probability-distribution functions, FðqÞU and FðqÞE:
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12 If the fixed entry cost is completely replaced by a flow cost, the terminal value Q will be infinite. Yet,

the new blood effect in forms of intergenerational rivalry will continue to exist, as seen in Proposition 2.
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Lemma 2 (Distribution functions). (i) (Distributional supports) If g
e
pg

g
; then

qA½0;Q�; otherwise qAð�N;Q�:
(ii) (Cumulative distributions) The steady-state cumulative distribution functions,

FðqÞU and FðqÞE are given by

FðqÞU ¼ GðqÞU=GðQÞU and FðqÞE ¼ GðqÞE=GðQÞE; ð3:2Þ

where GðqÞU and GðqÞE are the cumulative distribution functions of type q workers

in, respectively, the populations of unemployed job seekers, U ; and the currently

employed, E:
(iii) (Population density functions). The respective population densities, gðqÞU and

gðqÞE are given by

gðqÞE ¼ A1 exp½l1q� þ A2 exp½l2q�; ð3:3Þ

gðqÞU ¼ A3 exp½l1q� þ A4 exp½l2q�; ð3:4Þ

where

A1 ¼
mb

ðg
g
� g

e
Þðl1 � l2Þ

and A2 ¼ �A1; ð3:5Þ

A3 ¼
bfr1ðgg � g

e
Þ þ bþ dg

ðg
g
� g

e
Þðl1 � l2Þ

; and A4 ¼ �bfr2ðgg � g
e
Þ þ bþ dg

ðg
g
� g

e
Þðl1 � l2Þ

; ð3:6Þ

and, l1 and l2 are the (distinct and real) roots of the characteristic equation:

l2 þ l
bþ d
g
g
� g

e

þ bþ m
g
g
þ g

u

� �
þ ðbþ dÞðbþ mÞ � dm

ðg
g
� g

e
Þðg

g
þ g

u
Þ ¼ 0: ð3:7Þ

If g
e
pg

g
; then the definition of q in (2.5) implies that qX0 (and that q ¼ 0 if and

only if te ¼ tu ¼ 0Þ: However, if g
e
4g

g
; then (2.5) indicates that q is decreasing in te;

giving rise to the support ð�N;Q� reported in part (i). If g
e
¼ g

u
¼ 0; the

distribution functions take rather transparent forms as follows:

Corollary 1 (Distribution functions under g
e
¼ g

u
¼ 0). The support of each

distribution is ½0;Q�: The cumulative population distribution functions, for each point

q on this support are,

GðqÞU ¼ g
g

dþ m
d 1� exp � b

g
g

q

� �� ��

þ bm
bþ mþ d

1� exp �bþ dþ m
g
g

q

� �� ��
; ð3:8Þ

GðqÞE ¼ g
g

dþ m
m 1� exp � b

g
g

q

� �� ��

� bm
bþ mþ d

1� exp �bþ dþ m
g
g

q

� �� ��
: ð3:9Þ
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3.3. Steady-state matching

The matching process between unemployed workers, U ; and searching vacancies,
V ; is governed by Assumption 3. The constant-returns-to-scale property of Mð�Þ in
conjunction with (2.8) imply that the flow matching rate is given by,13

mU ¼ ZV ¼ m0VMðU=V ; 1Þ: ð3:10Þ

Eq. (3.10) implies: Z ¼ m0MðZ=m; 1Þ: Thus, it implicitly defines a function: Z ¼
ZSSðZ;m0Þ; which we refer to as the SS locus (see Fig. 1). The SS locus is the direct
analogue of the Beveridge curve, drawn in matching parameter space m–Z; rather
than in U–V space. Its properties, summarized in Lemma 3 below, follow
immediately from the properties of the matching technology:

Lemma 3 (The SS locus). Under Assumption 3, the function Z ¼ ZSSðm;m0Þ possesses

the following limits, limm-0 @ZSS=@m ¼ �N and limm-N @ZSS=@m ¼ 0 and possesses

the properties, @ZSS=@mo0 and @ZSS=@m040:

3.4. Steady-state populations

Finally, we note that the populations of unemployed and employed workers are
governed by

’U ¼ fbþ dEg � fgðQÞU þ ðbþ mÞUg; ð3:11Þ

’E ¼ mU � fðbþ dÞEg: ð3:12Þ
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Fig. 1. Steady-state equilibrium and comparative statics.

13Our results hold for any increasing quasi-concave function MðU ;VÞ:
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In steady-state the populations U and E are constant through time. Inspection of
(3.11) indicates that the unemployment pool is constant if and only if the inflow into
U ; from new births ðbÞ and job break-ups ðdEÞ; equals the outflow from successful
search ðmUÞ; from deaths ðbUÞ; and from retirements ðgðQÞUÞ: Similar considera-
tions apply to (3.12).

4. The equilibrium wage

In this section, we characterize the equilibrium wage agreement, including the
dispersion of wages in the population. We take as given the level of education sX0
and the worker contact rate m (these are subsequently endogenized in Sections 5 and
6). Moreover, to focus on essentials (namely economic growth and intergenerational
rivalry), we ignore, for the moment, on-the-job-learning and the loss of skills while
unemployed: g

e
¼ g

u
¼ 0:

4.1. The wage offer function

In this section, we examine the properties of the wage agreement between workers
and firms. The terminal vintage Q; determined in Lemma 1, completes the
formulation of the asset value functions given in Proposition 1. This enables us to
derive the wage agreed under the Nash bargain (2.14). Consider:

Proposition 2 (The wage agreement). There wage agreement, wðqÞ ¼
wðq; s; m; g

g
;PVÞ; determined in the symmetric Nash bargain between workers of

qA½0;Q� and vacancies, is given by

wðqÞ ¼ b0 þ m
b0 þ 1

2
m

a0

2
exp½�q� � b0 þ m� g

g

b0 þ 1
2
m� g

g

PV
2

þ
1
2
mg

g

ðb0 þ 1
2
mÞðb0 þ 1

2
m� g

g
Þ
PV
2
exp �

ðb0 þ 1
2
m� g

g
Þ

g
g

DQ

� �
; ð4:1Þ

where b0 
 bþ r þ d and DQ 
 Q � q: The wage agreement satisfies the following

properties:

(i) ð1=wÞ@w=@qo� 1; and wðQÞ ¼ 0;
(ii) @w=@s40; @w=@m40; @w=@g

g
o0; and @w=@PVo0;

(iii) For the workers of a given cohort tb; @fexp½q�wðqÞg=@g
g
o0 for qoQ:

In essence, the first two terms in (4.1) might be thought of as representing the
outcome of a static Nash bargain between firms and a set of workers of uniform

productivity a0 exp½�q� (see Corollary 2 below), given a finite terminal vintage Q:
Here, the term: ½b0 þ m� g

g
�=½b0 þ ð1=2Þm� g

g
� captures the option value to each

firm of keeping the vacancy open and searching for another worker. The appearance
of the growth rate, g

g
; reflects the value to the firm of waiting for more productive
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workers in the future. The third term represents the capital gain that workers
experience as q increases. It reflects the ability of workers of older generations
(higher q) to capture some of the benefits accruing to firms from the economic
growth embodied in new entrant workers.
The proportionate rate of decline of expected discounted revenues, a0 exp½�q�;

with respect to q; is simply unity. However, as part (i) of the Proposition indicates,
the wage declines at an even more rapid pace due to the existence of a terminal
vintage as a result of intergenerational competition. Crucially, the closer a worker is
to Q the greater the cost to him of disagreement, since in this event he must
search afresh and generate a new job offer before reaching Q: As a result workers’
bargaining positions atrophy as q rises, which provides the additional impetus
for the proportionate reduction of the wage with q: Part (i) indicates also that
once the terminal point Q is reached the wage equals zero, which is the normalized
wage available in the competitive-secondary sector. Once workers reach this
point, they cannot secure employment at a positive wage, despite the fact that
they possess a positive marginal productivity, aðs;K0Þ exp½�Q�: As in Akerlof [5],
this feature might be thought of as corresponding to a form of involuntary
unemployment.
Part (ii) of the Proposition summarizes the more interesting comparative static

properties of the wage agreement. An increase in education, s; raises the worker’s
human capital which raises the present value of the revenues accruing from the
match: aðs;K0Þ exp½�q�: This augments, regardless of q; the size of the ‘pie’ that
must be divided between the two parties (without altering either side’s relative
bargaining position), so that the wage w rises accordingly. A faster matching rate
of workers with vacancies, m; makes alternative options more accessible to
workers, which raises the wage. An increase in g

g
raises the growth rate of

public knowledge [see Eq. (2.1)], which stiffens the extent of intergenerational
competition among workers and lowers w accordingly. Finally, an increase in PV;
raises the value of the firm’s outside opportunity, which reduces the wage. Part (iii)
considers the effect of an increase in g

g
upon a worker’s real human wealth as

opposed to his wealth measured in effective labor units. The date t real wealth of a
worker with experience-adjusted vintage, q 
 tg

g
; is found by multiplying the wage

wðqÞ by the effective labor unit factor exp½g
g
t� 
 exp½q þ g

g
tb�; to yield:

exp½tbg
g
�fexp½q�wðqÞg: A marginal increase in g

g
; at date tb; pushes up the knowledge

frontier, Kðt) at each subsequent date. The effect of this for the cohort born at tb;
is to worsen severity of intergenerational competition at each point in their
future. The anticipated effect of this is fully embodied in the asset value
equations, leading to the reported reduction in real incomes. The notion that older
searchers may be disadvantageous relative to younger ones has some support in
the empirical literature. For example, Fallick [14, p. 17] notes that: ‘‘experienced
workers may be expected to have greater difficulty in moving into expanding sectors
of the economy than do similarly situated new entrants.’’ Furthermore, Neuman
and Weiss [28] find that obsolescence of human capital plays a significant
role in explaining differences between wage profiles in high and low-tech oriented
industries.

ARTICLE IN PRESS
D. Laing et al. / Journal of Economic Theory 112 (2003) 106–156122



To see the crucial role played by the assumption that the community’s stock of
knowledge continually grows through time, consider Corollary 2:

Corollary 2 (The wage offer in the absence of a new blood effect). In the limit,
g
g
-0; the wage wðqÞ converges a.e. to,

wð0Þ ¼ b0 þ m
b0 þ 1

2
m
fa0 �PVg

2
: ð4:2Þ

In the absence of the continual accumulation of public knowledge, g
g
-0; the

cutting-edge of intergenerational rivalry is removed. As a consequence workers of
each generation are identical a.e. and search until they either locate employment or
else exit from the primary labor market.14 Indeed, in this case, the wage agreement
converges, in essence, to that derived by Diamond [13].

4.2. The distribution of wages

We next turn to examining the steady-state distribution of wage across workers
with different job histories and extend the model to look at wage patterns across
workers with differing innate abilities.

4.2.1. Wage disparity among workers with differing job histories

Our model generates an endogenous steady-state distribution of wage income
across workers with differing histories and hence types, q: In this subsection we focus
on the wage distribution conditioning upon a common employment date t0 (for
example, think of the today’s distribution of wages across all workers who secured
their current job in 1990).15 Wages in this cross-section vary according to the
(random) time that workers spent unemployed prior to securing employment,
reflecting the effects of intergenerational rivalry. Ignoring job break-ups (i.e., d ¼ 0),
the density of employed workers who secured employment after searching for a
period t 
 tu is

gðtÞE ¼ ðmþ bÞ exp½�ðmþ bÞt�
1� exp½�ðmþ bÞT � for tA½0;T �; ð4:3Þ

where T ¼ Q=g
g
is the terminal search horizon. The density gðtÞE reflects the notion

that the distribution of workers who obtain employment at date t0 is a biased sample
of the population. In particular, the greater t; the greater the probability that a
worker either died previously or else obtained employment at a date prior to t0:
We focus on the variance of the wage distribution, which is the simplest measure

of dispersion in the Kolm–Pollak class of absolute, decomposable, and symmetric
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15We have also examined the wage distribution of a given cohort tbot—for example, think of the

current distribution of wages of workers born in 1961, who have survived, and are currently employed.

The results of this exercise are very similar to those presented here, and hence not reported.
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indexes.16 Using Proposition 2 and (4.3) we can calculate the variance of the
distribution, Var½w� (see the Appendix). Under zero profit (PV ¼ n0; to be discussed
in Section 5), we have Q ¼ ln½a0=n0� which depends on a0 and n0: For given m;
analytically, we can prove that Var½w� is locally increasing (and concave) in g

g
when

g
g
is sufficiently small and that it approaches zero as g

g
-0 or g

g
-N: Thus, wage

dispersion measure is hump-shaped with respect to the exogenous rate of knowledge
growth and hence the severity of human capital obsolescence.
Next, to better characterize Var½w�; we perform simple numerical exercises, as

further analytical derivations become quickly intractable. We select the benchmark
values for the relevant parameters based primarily on the US experience. More
specifically, we set (i) b ¼ 0:01 (roughly in accord with the US population growth
rate), (ii) r ¼ 0:035 (iii) g

g
¼ 0:01 (this corresponds to the exogenous component of

economic growth), (iv) a0 ¼ 1:5n0 and normalizing a0 ¼ 1 (since normalizing a0 to
unity and assuming that total labor and entrepreneurial income is 1.5 times greater
than capital income gives an acceptable steady-state terminal horizon, T ¼ 40), (v)
m ¼ 0:95 (based on the steady-state population growth rate and the assumption that
the natural rate of unemployment or the percentage of the secondary market activity
is 5%).
The main results are as follows. First, in the benchmark case we find:

arg maxg
g

Var½w� ¼ 0:0075 this value drops to 0:0037 when a0=n0 ¼ 1:2 and increases
to 0:0102 when a0=n0 ¼ 1:8: Thus, with a ‘‘moderate’’ rate of knowledge growth, say
between 0.4% and 1%, the variance of wages across different birth cohorts is high,
while with extremely low or high rates of knowledge growth the variance of wages
becomes low (see the solid curve in Fig. 2, which depicts the benchmark case). This
may help explaining why in the 1940s (following the Great Depression when g

g
was

low) the US experienced a wage compression across cohorts, while in the 1960s
(following a period of prolonged and smooth growth) it experienced a wage
expansion (increased dispersion). Second, for a broad range of parameter values, the
variance of wages across different birth cohorts is increasing in a0 and decreasing in
n0: Numerically, we find that this is due mainly to the additional advantage of the
young over the old, which results from a longer terminal vintage.
Finally, when g

g
is sufficiently small and b is not too small, our numerical results

suggest that an increase in the worker’s contact rate ðmÞ tends to decrease the
variance. Intuitively, this is because a higher m reduces the severity of intergenera-
tional competition (i.e., workers quickly secure employment and they need not fear
obsolescence), thereby leading to a compression of the wage distribution. This
finding can explain, at least partially, the US wage expansion in the 1980s.
Specifically, the 1979–82 second oil crisis and the subsequent increase in the number
of two-worker households caused a sharp increase in the US unemployment rate and
a decrease in the contact rate with which workers located employment in the primary
labor market. The latter led, in turn, to an increase in the variance of the wage
distribution (wage expansion).
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These predictions of the model give theoretical support to the empirical findings of
Goldin and Margo [15], Murphy and Welch [27] and Solon et al. [36], regarding the
wage compression and wage expansion experienced in the US after the Great
Depression. The primary reason that our framework is capable of resolving the wage
compression/expansion puzzle is due to the interaction between economic growth
and intergenerational rivalry, which results in a non-monotonic relationship between
wage dispersion and income growth.

4.2.2. Heterogeneous worker ability

The empirical wage-dispersion literature has also uncovered some important
differences between the wages earned by high- and low-ability workers (see, for
example, Neuman and Weiss [28]). Our model is readily extended to admit
differences in worker ability. Assume that the level of education, s; is given. Letting
H connote ‘‘high’’ and L ‘‘low’’, we consider the simplest case in which worker
productivity takes one of two values, aH4aL4n0 [see Eq. (2.12)]. To avoid issues of
asymmetric information, we assume that aAfaL; aHg is known to both the worker
and the firm at the time of employment.17 Using (3.1), it is easily seen under zero
profit that the terminal values QH and QL now satisfy,

DQðaÞ 
 QH � QL ¼ lnðaH=aLÞ: ð4:4Þ

Using (4.1) and assuming a predetermined value of the worker-firm contact rate m
(this is the case if the SS locus is near vertical), the wage ratio of high- to low-skilled
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Fig. 2. Wage dispersion versus income growth.

17An interesting extension of the present work is to assume that aAfaL; aHg is private information. In
this case, the time the worker spends unemployed could provide important information about the worker’s

ability. A dynamic adverse selection model in which time on the market acts as a signal of ability is

examined by Taylor [38].
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workers is,

wHðqÞ
wLðqÞ

¼
aHA5 exp½�q� þ g

g
ð1
2
mÞ exp �

ðb0 þ 1
2 m� g

g
Þ

g
g

DQH

� �
n0 � A6n0

aLA5 exp½�q� þ g
g
ð1
2
mÞ exp �

ðb0 þ 1
2
m� g

g
Þ

g
g

DQL

� �
n0 � A6n0

; ð4:5Þ

where A5 
 ðb0 þ mÞðb0 þ 1
2
m� g

g
Þ and A6 
 ðb0 þ 1

2
mÞðb0 þ m� g

g
Þ: Straightforward

manipulation and differentiation yield,

lim
g
g
-0

wHðqÞ
wLðqÞ

¼ aH � n0
aL � n0

4
aH

aL
; ð4:6Þ

lim
g
g
-0

@ðwHðqÞ
wLðqÞÞ
@g

g

p q þ m
ðmþ b0Þð1

2
mþ b0Þ

" #
n0
2
ðaH � aLÞ40: ð4:7Þ

Notice from (4.6) that, for small values of g
g
; the wage differential exceeds the

underlying skill differential. Furthermore, (4.7) indicates that the magnitude of the
differential increases with the extent of intergenerational rivalry ðg

g
Þ: The reason is

that a greater initial ability, aAfaL; aHg buys workers additional time before their
human capital is rendered obsolete. This search advantage enhances the bargaining
power of high-skill workers, which increases their relative wage over and above that
which is warranted on the basis of their skill differential alone.
Finally, consider the wages and wage differentials as search frictions and the fixed

entry cost, n0; become vanishingly small:

lim
v0-0

lim
m-N

wðq j aÞ
� �

¼ a exp½�q�;

lim
v0-0

lim
m-N

½wðq j aHÞ � wðq j aLÞ�
� �

¼ ðaH � aLÞ exp½�q�:

Thus, in the absence of market (search and entry) frictions, wages converge to their
‘competitive’ values (wherein workers are paid a wage equal to their expected
discounted marginal products). The importance of this result is that it implies market
frictions, whether through finite m or through positive n0 are crucial for the effects of
intergenerational rivalry to become manifest.

5. General equilibrium search

In this section, we derive the general equilibrium properties of the model, by
endogenizing the flow contact rates m� and Z�; which up to this point have been
treated as exogenous. Once these values are determined, we exploit the model’s
recursive structure to determine the values of the other endogenous variables. The
key construct that enables us to accomplish this goal in a tractable manner is the
equilibrium-entry ðEEÞ locus, which gives the set of ðm; ZÞ combinations for which
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firms earn zero ex ante profits. Crucially, the EE locus embodies the behavior of the
equilibrium wage outlined in Proposition 2. Steady-state equilibrium values of the
contact rates ðZ; mÞ; are given as point(s) of intersection of this locus with the steady-
state ðSSÞ relationship described in Lemma 3. We begin with the following
definition:

Definition. A steady-state equilibrium consists of a terminal vintage Q�; distribution
functions F �ðqÞU; F�ðqÞE; a wage agreement w�ðqÞ; and a quadruple ðm�; Z�;U�;V �Þ
that satisfies Lemmas 1–3, Proposition 2, equations ’E ¼ 0 and ’U ¼ 0 [see (3.12) and
(3.11)], and the equilibrium-entry Condition,

P�
V ¼ n0: ð5:1Þ

The first part of the definition ensures that the functions, Q�; F�ðqÞU; F �ðqÞE; and
w�ðqÞ are consistent with the partial-equilibrium relationships derived earlier.

Together, Lemma 3, equations ’E ¼ 0 and ’U ¼ 0 and (5.1) ensure stationary
populations in the steady state.

5.1. Equilibrium entry of firms

Using (2.13), the free-entry condition (5.1) can be written as

P�
V 
 ½Z=ðZþ d� g

g
Þ� #P�

F ¼ n0; ð5:2Þ

where #P�
F 


RQ

0
PðqÞF dFðqÞU is the expected value to the firm of drawing a worker

at random from the pool of unemployed job seekers. Eq. (5.2) implicitly defines

the equilibrium entry ðEEÞ locus: Z ¼ ZEEðm; a0; gg; n0Þ; which, for each m; gives
the value of Z at which firms just break even upon entering the primary sector
(see Fig. 1).

Lemma 4 (The EE locus). The function Z ¼ ZEEðm; a0; gg; n0Þ possesses the following

properties:

(i) limm-0 ZEEðm; aðsðmÞ; �Þ; �Þ ¼ Z0Að0; %ZÞ with %ZoN; and limm-N ZEE

ðm; aðsðm; �Þ; �Þ ¼ N;
(ii) for all sX0; @ZEE=@a0o0; limg

g
-0 @ZEE=@m40; and limg

g
-0 @ZEE=@g

g
40; if

mAð0; %mÞ; %moN; and limg
g
-0 @ZEE=@g

g
o0 otherwise.

The EE locus is ‘well behaved,’ being continuous, starting at a positive value of
Z ¼ Z0 and approaching infinity as m approaches infinity (part (i)). Part (ii) outlines
the basic properties of the EE locus. An increase in a0 
 aðs;K0Þ raises the
profitability of hiring a worker of each type, q: This, in turn, increases the profits
accruing to each match, PðqÞF; which stimulates the entry of vacancies and tends to
lower Z: However, the increase in a0 also, by raising Q ¼ ln½a0=n0�; spreads out the
distribution FðqÞU which for given PðqÞF; tends to lower #PF and to raise Z: We
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prove that the former of these effects dominates, so that Z is increasing in a0: Given

that, @a0=@s40; an immediate corollary of this finding is that, @ZEE=@so0: The
effect of an increase in the worker contact rate, m; is in general ambiguous. On the
one hand, as indicated in Proposition 2, an increase in m raises the wage, which
lowers expected profits #P�

F and deters entry (which raises ZÞ: On the other hand,
there is a favorable effect upon the distribution FðqÞU: The reason is that an increase
in m decreases the average duration of search and lowers the probability that workers
remain unmatched before reaching the terminal point Q: This tends to raise the
productivity of the average job seeker, which encourages entry and lowers Z: Which
of these two effects dominates depends upon the relative cost of a higher wage versus
the benefit of facing a relatively more productive population of job seekers. If g

g
is

small enough the wage effect dominates, since workers are nearly homogeneous
anyway and there is therefore little benefit from any improvement in the distribution.
As indicated in part (ii) of the Lemma, under these conditions, Z is strictly increasing
in m: An increase in the growth rate of knowledge, g

g
; also leads to two conflicting

tendencies. First, it stiffens the severity of intergenerational competition and
decreases the wage, w (Proposition 2). This stimulates the entry of new vacancies and
lowers Z: Second, it lowers the average productivity (in effective units) of job-
searchers, which tends to raise Z:18 As indicated, either effect may dominate.
However, for low values of m the productivity effect dominates, since wage payments
are low anyway (Proposition 2) and are relatively unresponsive to changes in g

g
: For

large enough values, of m; the contact rate Z is increasing in g
g
for similar, but

opposite, considerations.

5.2. Steady-state equilibrium

We now prove the existence of a steady-state search equilibrium and characterize
its properties.

Proposition 3 (Steady-state equilibrium). Under Assumptions 1–3 and Condition N, a

non-degenerate steady-state equilibrium exists. For sufficiently small values of g
g
; the

equilibrium is unique.

Existence is trivial. Lemma 3 shows that the SS locus begins at infinity and
approaches zero asymptotically as m; while Lemma 5 shows that the EE locus begins

at Z040 and that limm-N ZEE ¼ N: Since both functions are continuous, there must

exist at least one equilibrium (point A in Fig. 1), where the EE locus cuts the SS

locus from below. The equilibrium is unique if the EE locus is strictly increasing in m;
which is the case for sufficiently small values of the growth rate, g

g
(Lemma 4). We

summarize the most interesting comparative-static properties of the equilibrium
below.
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Proposition 4 (Properties of steady-state equilibrium). For any given sX0 and for

small g
g
40; we have:

(i) (wages) dw�=ds40; dw�=dK040; dw�=dm040;
(ii) (unemployment) dU�=dso0; dU�=dK0o0; dU�=dm0o0:

These results are intuitive. For instance, an increase in a0—induced by an increase
in s or in K0—shifts down the EE locus to EE0 along the given SS locus
(see Fig. 1). This reduces the equilibrium worker contact rate m� which: (i) works
in tandem with the reduction in a0 to lower the wage Proposition 2) and (ii)
increases the unemployment rate, by making it more time consuming for
workers to find jobs. A reduction in matching frictions, which increases m0; shifts
out the SS locus to SS0 along a given EE schedule (see Fig. 1). This un-
ambiguously increases m�; which raises w� (Proposition 2) and lowers the level of
unemployment U�:

6. Education and re-training

In this section, we endogenize the human-capital investment decision, including
both basic education and worker retraining.

6.1. Educational choice

We begin by determining the properties of the optimal schooling decision, and
then offer a brief discussion of its efficiency properties.

6.1.1. Equilibrium schooling

Greater investment in schooling is (privately) beneficial to workers, in that it
raises their human capital upon entry into the labor market and consequently
their wage income once employed. Nevertheless, education is also costly due to
either a direct pecuniary cost or the disutility associated with effort. Let cðsÞ
denote the utility cost to workers (per effective labor unit) of effort s:19 We assume
that cðsÞ is strictly increasing and strictly convex in s and that it satisfies dcð0Þ=ds ¼
0: Each worker, treating the contact rates m and Z as parametric, chooses s to
solve program (P): maxsX0fJð0ÞU � cðsÞg; where Jð0ÞU is the worker’s value upon
entering the labor market (at which point q ¼ 0). Assumption 1 implies that for small
g
g
X0; the program (P) possesses a unique interior maximum. The first-order
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19Our analysis is easily emended, without altering the main results, to the case in which schooling is time

consuming by considering the program: maxs exp½�ðbþ rÞs�Jð0ÞU � cðsÞ; where s is the time spent on

education. (It might be observed that the asset value function Jð0ÞU is suitably discounted by the length of
schooling time, s:) The present approach is adopted since it is somewhat simpler.
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condition is

@Jð0ÞU=@s ¼ c0ðsÞ: ð6:1Þ

Consider,

Condition U. For all sX0; ½@a0=@s�2
b½a0�n0�oc00:

We can then characterize the partial equilibrium behavior of worker’s educational
choices:

Lemma 5 (Schooling effort). The individual schooling effort function, s ¼ sðm; g
g
;K0Þ

satisfies: @s=@m40; @s=@g
g
o0 and @s=@K040:

Factors which influence the wage or matching probabilities alter the incentives to
invest in education, and therefore the amount undertaken by workers. Thus, under
Condition U, Proposition 2 implies an increase in the contact rate m raises s; by
increasing the marginal returns to education, while an increase in g

g
lowers s; by

increasing the severity of intergenerational competition.
The properties of the steady-state equilibrium allowing for endogenous adjust-

ments in education, s; are broadly similar to those reported in Propositions 3 and 4,
with one important caveat. Recall that the EE locus reported in Lemma 4 is a

function: Z ¼ ZEEðm; a0; :Þ; where a0 
 aðs;K0Þ: Consequently, as explored in Laing
et al. [19] once s is recognized as endogenous, the EE locus is seen to depend both
directly upon the contact rate m and indirectly upon it through s and hence a0:While
the EE locus is increasing in m holding s constant, (at least for small enough values of
g
g
Þ; this may not be the case once s adjusts. The reason is that higher values of m

raises both the wage, w� and the level of schooling, s�: The former of these effects
discourages entry (Z rises), while the latter effect encourages it (Z falls). This implies
multiple equilibria may arise in our model, but for the purposes of this paper we
focus on examining the properties of an equilibrium satisfying Samuelson’s
Correspondence Principle (at which the EE locus is upward-sloping):20

Proposition 5 (Steady-state equilibrium with endogenous schooling). Under As-

sumptions 1–3 and Condition N, a non-degenerate steady-state equilibrium exists.

Under Condition U and for small enough g
g
; the equilibrium possesses the following

properties: there exists an m̃0 such that, for all m0Að0; m̃0Þ; @w�=@g
g
o0; @s�=@g

g
o0;

and @U�=@g
g
40:

Lemma 4 showed that an increase in g
g
causes the EE locus to pivot around a

given contact rate m: For small enough values of m0pm̃0 this effect must lead to a
reduction in the equilibrium contact rate m�: Under these circumstances, the increase
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to those analyzed in Laing et al. [19].
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in g
g
and reduction in m work together to unambiguously lower the equilibrium

wage, reduce the level of schooling and raise the equilibrium level of unemployment.
Once again, these results reflect the effects of intergenerational competition. In
particular, an increase in the growth rate of knowledge leads to the more rapid
obsolescence of workers’ human capital, which discourages workers’ educational
efforts. In turn this reduces the wage and discourages the entry by firms (which then
induces the increase in U�Þ:

6.1.2. Welfare

In order to enrich the welfare analysis it is of interest to admit interactions between
the rate of growth, g

g
(and hence the extent of intergenerational rivalry) and the

level of worker education, s: To do so, we assume that g
g
; depends positively on

the average level of workers’ education denoted, %s; reflecting uncompensated
knowledge spillovers as in Romer [34] and Lucas [22]. More precisely, let g

g
¼ Ggð%sÞ;

where Gg is strictly increasing, strictly concave, and is bounded by r (so that
present discounted values are bounded). A steady-state equilibrium with endogenous

growth is derived as a Nash equilibrium in which each worker’s optimal choice
of education coincides with some given average level of educational attainment in
the workforce. Around any such point where s ¼ %s; an increase in the level of
education raises both individual productivity aðs;K0Þ and the rate of economic
growth Ggð%sÞ: Provided that, in the neighborhood of s ¼ %s; the direct effect of s on
the valuation aðs;K0Þ dominates the indirect growth effect (via %sÞ; the comparative-
static results reported in Propositions 4 and 5 remain unchanged and hence are not
repeated.
We now consider the social optimality of workers’ educational choices. We assume

that the social planner’s objective is the maximization of the steady-state value of:
Jð0ÞU � cðsÞ; which is the expected discounted utility of a date t ¼ 0 representative
new entrant worker. We conceive of the social planner as respecting the economic
environment (tastes and both production and matching technologies), but
determining the level of education sso chosen by workers. Crucially, the social
planner recognizes that her choice of sso affects entry by firms as well as the
steady-state contact rate mso: The socially optimal schooling effort, sso; must then
satisfy:

@Jð0ÞU
@a0

þ @Jð0ÞU
@Q

@Q

@a0

� �
@a0

@s
þ @Jð0ÞU

@m
@mso

@s
þ @Jð0ÞU

@g
g

@GðssoÞ
@s

¼ dc

ds
: ð6:2Þ

In a decentralized equilibrium, each worker considers only the direct benefits of
schooling, given by the first term on the left-hand side of (6.2). This includes the
benefits accruing from a greater ‘pie’ to be divided between the bargaining parties
ða0Þ as well as from an enhanced bargaining position due to an increase in the
terminal value of Q: The second term in (6.2) corresponds to the training externality
first identified by Acemoglu [1]. More specifically, individuals ignore the beneficial
impact of their effort on the subsequent profitability of firms. In particular, increases
in average education levels induce entry by firms, raising the contact rate mso and
hence workers’ welfare. The third term in (6.2) is of particular interest in the context
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of the current paper, in that individuals fail to account for the deleterious effects of
their educational efforts on the rate of economic growth, GðsÞ; and hence upon the
rate at which the human capital of each generation is rendered obsolete. As a result
of these considerations, it is difficult to be precise about the social efficiency of
educational levels in the decentralized equilibrium, since the former externality
indicates a tendency towards underinvestment whereas the latter points towards
overinvestment.

6.2. Re-training

Up to this point we assume that each worker’s relative productivity inexorably
declines with his adjusted employment experience, q: We now consider a more
proactive environment wherein costly re-training allows workers to recover any
losses in human capital they may have suffered over the course of their career. This
leads to an additional source of new-blood; the entry of newly re-trained workers. In
order to focus on essentials, we assume that both the level of primary education, sX0
and the worker contact rate, m are given (which corresponds to a vertical SS curve
Lemma 3). We assume that at a cost C040; a worker can (instantly) re-train and
acquire the most recent ‘state-of-the-art’ knowledge, kðs; tÞ [Eq. (2.2)].21
Critical re-training points are defined by the triple: ðq̂u; q̂e

0ðqÞ; q̂eÞ where: q̂u is the

point at which an unemployed worker (periodically) re-trains himself, q̂e

0ðqÞXq is the

point at which a newly hired type q worker is first re-trained. Finally, q̂e is the point at
which an established (i.e., once re-trained) employee is periodically re-trained at a
given firm. If the worker never re-trains himself while unemployed, then q̂u-N:
Similar remarks apply to the limiting values of ðq̂e

0ðqÞ; q̂eÞ: We assume that q̂u is

chosen by the worker to maximize his valuation, JðqÞU and that the pair ðq̂e

0ðqÞ; q̂eÞ
are jointly chosen by the worker and his employer to maximize the surplus from the
match. The asset value functions JðqÞU and JðqÞE incorporating retraining are
somewhat lengthy (see the appendix) and at this level of generality, the re-training
decision is quite complicated. However, considerable progress can be made if we
impose,

Condition R. (i) g
e
¼ g

g
X0 (ii) a0 � C0 � n040:

With g
e
¼ g

g
; the worker’s type q is invariant to the length of tenure at a given job

(since the relative loss in skill through intergenerational competition is exactly offset
by the growth of skills on the job). Part (ii) is necessary (as we shall see) for any re-
training to be undertaken in equilibrium.

Lemma 6 (Re-training on the job). Under Condition R, (i) re-training occurs at most

once on a given job (q̂e-N and either q̂e

0ðqÞoN or q̂e

0ðqÞ-N) and (ii) if re-training

takes place it is done at the point of hiring ðq̂e

0ðqÞ ¼ qÞ:
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Given g
e
¼ g

g
; if the worker is re-trained, there is obviously no point of re-training

him again, since he is and remains the newest blood. This leaves the initial re-
training decision q̂e

0ðqÞ: Given that the worker’s state q is independent of the length

of tenure at the job, if re-training is warranted then, with positive discounting, it
must be optimal to do so immediately. Even under condition R(i), the problem is not
trivial. The worker may re-train numerous times during a given unemployment
spell and although re-trained at most once on a given job, the worker may have
many jobs.
Consider a match between a given firm and a type q worker. We assume that on-

the-job re-training is carried out if it is pairwise efficient, in the sense of maximizing
the surplus from the match. We further assume (and later prove) that workers do not
re-train themselves. The re-training decision is solved as a Nash equilibrium. Let
the worker’s alternative market options be characterized by the triple,
ðQe

0; JðqÞ
e

0; JðqÞ
u

0Þ where Qe

0 is the (common) point at which other firms in the
market re-train the worker and JðqÞ

e

0 and JðqÞ
u

0 are the worker’s market asset values
(outside options). If the worker exercises his outside options, he anticipates re-
training if and only if qXQe

0: With the assumption that the re-training cost C0 is
independent of the worker’s state q; all workers with qXQe

0 are treated equally in the
market. We first determine the re-training value Qe at the given firm conditional
upon the triple ðQe

0; JðqÞ
e

0; JðqÞ
u

0Þ available in the market. Let Sðq; IÞ represent the
surplus generated from the given match, where I ¼ 1 if the firm re-trains the worker
and I ¼ 0 otherwise. We have,

Sðq; 1Þ ¼ ða0 � C0Þ þ #dJð0Þ
u

0 � ð#dJðqÞ
u

0 þ n0Þ; ð6:3Þ

Sðq; 0Þ ¼ a0 exp½�q� þ #dJðqÞ
u

0 � ð#dJðqÞ
u

0 þ n0Þ; ð6:4Þ

where #d 
 d=ð *bþ dÞ and *b 
 bþ r � g
g
Conditional upon the worker being hired,

re-training is optimal from the perspective of the worker-firm pair if,

Sðq; 1Þ � Sðq; 0Þ ¼ ða0ð1� exp½�q�Þ � C0Þ þ #dðJð0Þ
u

0 � JðqÞ
u

0ÞX0: ð6:5Þ

A Nash equilibrium is defined by, Qe ¼ Qe

0 
 Q�
e
X0 such that,

ða0ð1� exp½�Q�
e
�Þ � C0Þ þ #dðJð0Þ

u
� JðQ�

e
Þ
u
Þ ¼ 0: ð6:6Þ

Notice that, quite naturally, the re-training decision depends upon the suitably-
discounted capital gain the worker enjoys if the match subsequently dissolves (which

occurs with discounted-flow probability #dÞ: Although we do not compute the social
optimum, we note that, as in Acemoglu [1], the worker-firm pair fails to recognize
the beneficial effects of the re-training decision upon the universe of alternative
prospective future employers.
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Conditional upon the value of Q�
e
the worker’s asset value functions are given by

JðqÞ
e
¼ wðqÞ þ #dJðqÞ

u
; qoQ�

e
; ð6:7Þ

JðqÞ
u
¼ m
g
g
þ g

u

Z Q�
e

q

exp �
*bþ m
g
g
þ g

u

ðq0 � qÞ
" #

Jðq0Þ
e

dq0

þ #m exp �
*bþ m
g
g
þ g

u

DQ�
e

" #
JðQÞ

e
; qoQ�

e
; ð6:8Þ

JðQ�
e
Þ
e
¼ wðQ�

e
Þ þ #dJð0Þ

u
; qXQ�

e
; ð6:9Þ

JðQ�
e
Þ
u
¼ #mJðQ�

e
Þ
e
; qXQ�

e
; ð6:10Þ

where DQ�
e

 Q�

e
� qX0 and #m 
 m=ð *bþ mÞ: For all, qXQ�

e
workers’ value functions

are invariant equalling JðQ�
e
Þ
u
and JðQ�

e
Þ
e
: The interpretation of (6.8) is relatively

straightforward. The first term on the RHS represents the expected discounted value
to the worker of securing employment before Q�

e
is reached (the integral keeps track

of the evolution of the worker’s type over the relevant interval). The second, term
represents the discounted value to the worker of the possibility that he will not secure
employment before reaching Q�

e
and the value associated with this event. Under

Condition R and in the absence of job break-ups ðd ¼ 0Þ; we can fully characterize
the re-training problem. Consider,

Proposition 6 (Re-training). Under Condition R and if d ¼ 0 there is a re-training

equilibrium such that: (i) unemployed workers do not re-train themselves and (ii) if

qXQ�
e

workers are hired and are re-trained on-the-job in the manner described in

Lemma 6 where Q�
e
¼ �lnfða0 � C0Þ=a0g40:

With d ¼ 0 the critical re-training point is defined by: a0 exp½�Q�
e
� ¼ a0 � C0;

wherein the value of revenues generated by such a worker are exactly equal to the
value generated by a new blood worker net of the costs necessary to retrain him.
If an unemployed worker were to re-train himself he would increase his

employment valuation, by increasing the size of the ‘pie’ to be divided between
himself and his new employer. However, there are two drawbacks to this strategy.
First, the worker incurs all of the re-training costs (and the benefits are shared
between the worker and the firm). Second, re-training without a job in hand leads,
almost surely, to the relative loss of skill during the time the worker searches for
employment. By waiting to re-train once employed, the worker avoids this latter
problem completely, and shares the re-training costs with his employer. Proposition
6 says that if there are no job break-ups, these effects outweigh the net benefits to the
worker of increasing his own ex ante productivity.
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In the presence of re-training, the wage agreement is given by

wðqÞ ¼ fa0 exp½�q� � n0g
2

þ 1
2

JðqÞ
u
; ð6:11Þ

where

JðqÞ
u
¼ b0 a0ð *bþ 1

2
mÞ þ gða0 � c0Þ exp �

*bþ 1
2
m

g
DQ�

e
þ q

" #(

� ð *bþ 1
2
mþ gÞn0 exp½�q�

)
ð6:12Þ

with b0 
 1
2
m exp½�q�=½ð *bþ 1

2
mÞð *bþ 1

2
mþ gÞ�: The form of the wage agreement (6.11)

parallels the wage offer function described in Proposition 2, so that all of our results
concerning the new blood effects continue to hold in this environment. Indeed, the
only differences are the inclusion of the cost term C0 and the replacement of the
terminal vintage Q by the re-training point Q�

e
:

For sufficiently large values of C0; (in particular if, a0 � C0 � n0o0Þ; workers for
whom qXQ�

e
are simply not hired by firms and hence not re-trained. In this case,

the results are identical to those presented earlier. Finally, we note that although, in
the current setup, workers do not re-train themselves, this may not be the case if the
re-training cost, takes the more general form CðqÞ; with C0ðqÞX0: Here, the re-
training cost depends upon the extent to which workers have fallen behind the
knowledge frontier. If CðqÞ rises sufficiently rapidly with q; it is possible that there
are circumstances under which unemployed workers, recognizing their imminent
demise, may re-train themselves even though they have no job prospect currently
in hand.

7. Extensions

In this section, we consider several extensions to the basic model.

7.1. Loss of skills during unemployment and on-the-job learning

In general, the wage agreement is a rather complex function of the parameters.22

However, if, once again,we ignore job breakups, d ¼ 0; the wage agreement takes a
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the form of ordinary differential equations in q and to solve the resultant system. Given the implicit

presence of partial integral equations, it is perhaps not surprising that the general solution takes on a

rather complex form. A complete analysis of this general wage function is available upon request.
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rather simple form,

wðqÞ ¼ bþ r þ mþ g
u

bþ r þ 1
2
mþ g

u

 !
a0

2
exp½�q� � bþ r þ m� g

g

bþ r þ 1
2
m� g

g

 !
n0
2

þ
1
2 mðgg þ g

u
Þ

ðbþ r þ 1
2
mþ g

u
Þðbþ r þ 1

2
m� g

g
Þ

 !
n0
2

� exp �
bþ r þ 1

2
m� g

g

g
g
þ g

u

DQ

� �
; ð7:1Þ

where Q ¼ ln½a0=n0� and a0 ¼ fðsÞK0=fr þ b� g
e
gÞ: The wage agreement satisfies all

of the properties set out in Proposition 2. Furthermore, wðqÞ increases with g
e
and

decreases with the skill loss rate g
u
; as might be expected. Notice further, that the

new blood effect through g
g
is quite distinct from the skill loss rate g

u
: The reason is

that productivity growth, g
g
; simultaneously affects both unemployed and employed

workers.

7.2. The wage-tenure profile

In this subsection, we are concerned with the wage-tenure profile. Specifically, we
intend to compute the flow wage agreement according to employment tenure te: The
reason that this is of considerable interest is that (i) wages rarely fall (or fall only a
little) over the course of a given career (within a particular establishment) and (ii)
empirically, the distribution of relative wages according to tenure is ‘hump-shaped’,
with workers of moderate tenure earning relatively more than both newer entrants
and older incumbent workers (on this see, for example, Murphy and Welch [27] and
Newman and Weiss [28]). Reconciling these two features is an interesting puzzle.
We show that such a pattern arises naturally in an environment in which

intergenerational rivalry interacts with on-the-job learning. Intuitively, intergenera-
tional rivalry results, through the new-blood effect, in a negative relationship
between wages and employment tenure, while on-the-job learning generates a
positive relationship. Below, we demonstrate that a suitable marriage of these two
effects can explain the hump-shaped relative wage-tenure patterns. For simplicity,
assume no job breakups and no skill losses during unemployment (i.e., d ¼ g

u
¼ 0).

Additionally, we compare wages at a given point in time, conditioning upon workers
with the same history and hence type: q 
 g

g
tuA½0;Q�: Consider.

Assumption 4. The rate of on-the-job learning function Ge :Rþ-Rþ; is strictly

decreasing and continuously differentiable, satisfying: Geð0ÞAðg
g
; bþ rÞ and

limte-N GðteÞAð0; g
g
Þ:

Assumption 4 implies that on-the-job learning raises human capital levels, but
does so at a diminishing rate. Furthermore, the initial rate of on-the-job-learning is
relatively rapid, exceeding the (exogenous) rate of public knowledge growth, g

g
; and

then falls below g
g
at a later stage.
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Recall that the flow wage, W ; received by workers is proportional to the worker’s
stock of human capital HðtÞ: Since on-the-job-learning now varies with employment
tenure, we must modify the human capital equation (2.4) accordingly. The result is,

Hðt; s; te; tuÞ ¼ H0 exp½�g
g
te� exp

Z te

0

Geðte0Þ dte0
� �

; ð7:2Þ

where H0 ¼ kðs; tÞ exp½�q�; which is independent of te: By Leibnitz’s rule, we have:
dH=dte ¼ ½GeðteÞ � g

g
�HðtÞ: Under Assumption 4, it is easily verified that the stock

of human capital and hence flow wage possesses a hump-shape over job tenure. The
result is summarized in the following proposition.

Proposition 7 (The relative wage-tenure profile). The equilibrium wage-tenure profile

is hump-shaped in the sense that at a given point in time the flow wage increases in his

job tenure up to a point and decreases thereafter.

Intuitively, the presence of this hump-shaped relative wage-tenure profile,
described in Proposition 7, is due in essence to the conflicting effects of on-the-job
learning and intergenerational rivalry. On the one hand, additional work experience
leads to higher productivity and hence higher wages; on the other, the threat of
human capital obsolescence from intergenerational competition lowers the wage.
With bounded on-the-job learning, the latter effect eventually dominates the former,
giving the result reported in the proposition.
With a simple emendation, our model also offers a novel theory of mandatory

retirement even with on-going on-the-job training. To see this, assume that m and s

are given and consider,

Assumption 5. Firms incur a once-off (constant in effective-labor-units) irreversible

cost n0 upon first entering the labor market.

We can then prove,

Proposition 8 (Mandatory retirement). Under Assumptions 4 and 5, there exists a

finite teðqÞM ; corresponding to each worker history q; at which point the worker-firm

match endogenously dissolves. At this juncture, firms re-enter the labor market in

search of new workers and workers retire to the secondary sector.

The explanation of this result is simple. Ex ante, at the point of matching, workers
receive the greatest expected discounted value of utility by agreeing to separate from
the firm when it is efficient for them to do so. In steady-state equilibrium, the free-
entry condition (5.1) and the entry-cost structure described in Assumption 5 imply
that firms expect to accrue n0 each time they enter the labor market. Now, under
Assumption 4 there is a tenure length, teðqÞM; where separation is optimal. This is
because that at fthis point, the expected-discounted continuation value to the firm of
retaining the worker is exactly equal to the constant value of terminating the match
and searching for workers from younger generations (n0Þ (and that the former value
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declines monotonically with te4teðqÞM ). There are two novel components to this

explanation. First, we explain mandatory retirement not in terms of a decline in the
productivity of the individual, but rather as a consequence of the increase in the
human capital possessed by his new-blood competitors. Second, mandatory
retirement takes place in a ‘memoryless’ environment wherein workers do not age
(i.e., the flow probability of death is always equal to b40), although emending this
latter feature would obviously only strengthen our results.

7.3. Directed search

Up to this point, we have considered random matching within an integrated labor
market. It is of interest to check the robustness of our findings in a directed search

environment, wherein the wage fulfills a familiar allocative role (rather than being
determined ex post after matching takes place). The directed-search is developed by
Peters [29], Moen [24], Acemoglu and Shimer [2] and Burdett et al. [7] in a variety of
goods and labor-market matching games. To best suit our structure, we conceive of the
labor market as completely segregated into a series of sub-markets defined by each
worker’s type, qA½0;Q�: In this context unsuccessful searchers pass, in sequence,
through each sub-market qA½0;Q� until they reach the terminal vintage Q:23 The
motivation for these sub-markets is perhaps best justified on the grounds that employers
often advertise for specific skill requirements, such as computer training. The notion
that markets are indexed qA½0;Q�; then represents an idealized limit of this process.
We exploit the constant-returns property of the matching technology, assuming

that each submarket features the same Beveridge curve relationship: ZðtÞ ¼
ZðmðtÞÞ 
 ZSSðmðtÞ;m0Þ described by Lemma 3. Each market is characterized by
the pair: ðwðqÞ; mðqÞÞ; where wðqÞ is the wage and mðqÞ is the flow probability that a
worker locates a job. A competitive search equilibrium is one in which: (i) the pair
ðwðqÞ; mðqÞÞ maximizes each worker’s valuation, JðqÞU subject to the constraint that
firms earn non-negative expected profits: PFXn0; (ii) neither firms nor workers have
an incentive to switch sub-markets and (iii) there are no profitable opportunities for
entry by firms into new sub-markets.24

Following similar arguments used to derive the asset value equations in
Proposition 1, we show that,

JðqÞU ¼ 1
g
g

Z Q

q

mðuÞwðuÞ
�

� exp � 1

g
g

ðr þ bÞðu � qÞ þ 1

g
g

Z u

q

ðmðu0ÞÞdu0
� ��

du; ð7:3Þ

PðqÞV 
 ZðqÞfa0 exp½�q� � wðqÞg
r þ b� g

g
þ ZðqÞ ; ð7:4Þ
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23To focus on the essentials, we further assume d ¼ g
e
¼ g

u
¼ 0 and that sX0 is exogenous. We again

thank an anonymous referee for suggesting this alternative approach to modeling the search environment.
24This may be regarded as a generalized version of Moen [24] to a dynamic environment with on-going

economic growth (and a continuum of sub-markets).
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where qA½0;Q� and Q ¼ ln½a0=n0�: Given that firms are free to enter any sub-market
we require that: PðqÞVXn0X0 for each qA½0;Q�:
The optimization problem is one in which the firms in each sub-market q post a

wage wðqÞ and (in effect) choose a service probability, mðqÞ; so as to maximize
workers’ ex ante valuations (7.3), subject to the ex ante non-negative-profit
constraint ðPðqÞVXv0Þ: Using (7.4) and the Beveridge curve relationship, the
constraint can be used to solve for the wage:

wðqÞ ¼ fa0 exp½�q� � n0 � n0ðr þ b� g
g
Þ=ZðmðqÞÞg: ð7:5Þ

Since each firm is negligible in the continuum, the firms’ in each sub-market q have

no influence upon each worker’s continuation discount factor: DðuÞ 
 ½r þ b�R u

q
ðmðu0ÞÞ du0�=g

g
; where uA½q;Q�: It follows that the optimization problem simply

entails the point-wise maximization of mðqÞwðqÞ; with wðqÞ given by (7.5). The first-
order condition is simply d½mw�=dm ¼ 0; or,

Zðm�ðqÞÞ ¼ n0ðr þ b� g
g
Þ

a0 exp½�q� � n0
f1þ xðm�ðqÞÞg; ð7:6Þ

where x 
 �ðm=ZÞðdZSS=dmÞ40: Thus, combining (7.5) and (7.6) gives,

w�ðqÞ ¼ fa0 exp½�q� � n0g 1� 1

1þ xðm�ðqÞÞ

� �
: ð7:7Þ

It is easily checked that the pair: ðw�ðqÞ;m�ðqÞÞ; solving the recursive system (7.6)
and (7.7), form a competitive-search equilibrium. Since, firms earn precisely n0 in
each sub-market no firm has an incentive to switch markets. Furthermore, since
markets are complete on ½0;Q�; firms have no incentive to form additional sub-
markets q4Q; since to do so entails a loss. For their part, type q0A½0;Q� workers
have no incentive to search in markets indexed qoq0 (since firms are better off
holding their vacancies open rather than paying wðqÞ) or in ones indexed q4q0; since
JðqÞU is decreasing in q:

A comparison of (7.7) with the wage agreement (4.1) indicates a remarkable
similarity. The key differences are that in (7.7) both a0 exp½�q� and n0 possess
identical coefficients and that the capital gain term in (4.1) is no longer present (see
Proposition 2). Each of these differences stems from the property of competitive
markets to appropriately ‘price’ workers at the margin (which is not the case under
ex post symmetric Nash bargaining). Thus, in (7.7) workers receive a wage
proportional to their net (expected discounted) marginal product: a0 exp½�q� � n0;
while the latter lack-of-capital-gain effect (cf., Proposition 2) reflects the inability of
type q0 workers, in a competitive environment, to extract part of the surplus accruing
to other worker types: qaq0: Even with directed search, the new blood effect appears
through two separate channels. First, g

g
40 leads to the terminal search horizon:

T 
 Q=g
g
; where a higher g

g
shortens the terminal search horizon. Second, in (7.7)

notice the term m�ðqÞ which is the equilibrium flow contact rate for workers.
Crucially, this depends upon the growth rate g

g
: From (7.6), an increase in public
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knowledge growth ðg
g
Þ leads to a higher worker-contact rate m� (provided x is a non-

decreasing in m). This finding is similar to the general-equilibrium random-matching
result reported in Lemma 5.
The perfectly segregated competitive search-equilibrium is not socially efficient. In

particular, a social planner would recognize the transition of unmatched workers as
they pass through the sequence of markets qA½0;Q� and account for the effect of
future mðqÞ on the effective discount rate. In this case, the entire sequence of fmðqÞg is
chosen to maximize JðqÞU which involves time-varying discounting. Utilizing the
fact that dD 
 fðr þ b� mðqÞÞ=g

g
g du; we can perform a Uzawa transformation of

workers’ ex ante value into: 1
g
g

R DðQÞ
rþb fmw exp½�D�=ðrþb�mðqÞ

g
g

ÞgdD; where wðqÞ is
specified as in (7.5). Thus, the optimization becomes a standard constant-discounting
optimal control problem, with the first-order condition given by ðr þ b�
gGÞ d½mw�=dmþ mw ¼ 0; or,

ZðmSOðqÞÞ ¼ n0ðr þ b� g
g
Þ

a0 exp½�q� � n0
1þ xðmSOðqÞÞ r þ b� mSOðqÞ

r þ b

� �
; ð7:8Þ

where ‘‘SO’’ refers to the social optimum. We can now combine (7.5) and (7.8) to
obtain:

wSOðqÞ ¼ fa0 exp½�q� � n0g 1� 1

1þ xðmSOðqÞÞ rþb�mSOðqÞ
rþb

8<
:

9=
;: ð7:9Þ

By comparing (7.6) and (7.7) with (7.8) and (7.9), we see that the competitive-

search equilibrium differs from the social optimum. Given that, rþb�m
rþb o1 and that

dZSS=dmo0; it is straightforward to use (7.6) and (7.8) to show that, provided x is a
non-decreasing function of m; mSOðqÞ4m�ðqÞ: In this case, it is then immediate from
(7.8) that xðmsoðqÞÞrþb�msoðqÞ

rþb oxðm�ðqÞÞ and from (7.9) that wSOðqÞow�ðqÞ: That is,
under directed search the decentralized equilibrium features insufficient firm entry
and an excessively thin labor market (from the perspective of workers), but is
associated with an excessively high wage once a match is consummated.

8. Concluding remarks

We believe that the model might admit a number of different extensions and, for
brevity, we outline just three of them. First, the assumption that vacancies are
identical could be relaxed. Instead, we could also allow for continued improvements
in firms’ products through an endogenous R&D process (under a monopolistic
competition/monopoly setup similar to that in Grossman and Helpman [16] and
Aghion and Howitt [3] or a matching framework similar to Acemoglu [1] and Laing
et al. [20]). This would lead to a two-side heterogeneity in the search market, with
both workers and vacancies of different vintages searching to locate trading partners.
One might expect that under these circumstances both types of investment (by
workers in schooling and by firms in R&D) would be strategic complements. This
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would raise a host of issues concerning the appropriate micro-economic policies that
might be used to promote growth. Recently, De Long and Summers [12] document
interesting evidence supporting the view that investment in new capital equipment is
an important determinant of the rate of economic growth.
Finally, we would like to point our that out framework may also be useful to

analyze vintage physical capital, along the lines studied by Cooley et al. [11]. In
particular, technological advances would render existing tools, machines, and
equipment obsolete and thus their rental as well as resale values would be hump-
shaped with respect to the corresponding periods of installment. Moreover, the
dispersion of capital rental would depend crucially on the degree of severity of
technological obsolescence.

Appendix

Proof of Proposition 1 (Asset values). Consider a worker hired by firm at date t0

with history ðte; tuÞ: Let v represent the duration of the current job and

exp½g
e
v�W̃ðt0; qÞ represent the flow wage offered to the worker. Then, the flow wage

grows at the rate g
e
and at the point of hiring equals W̃ðt0; qÞ: Define, WðqÞ 


W̃ðt0; qÞ=exp½g
g
t0� as the initial flow wage in effective labor units and let Ṽðv; t0; qÞ 


exp½g
g
t0�Vðv; qÞ represent the value to the worker of continuing the match, given his

experience at the firm v: Finally, let, J̃ðt; qÞE and J̃ðt; qÞU represent workers’

valuations. Over small time h40; the Bellman equation is,

Ṽðv; t0; qÞ ¼ exp½g
e
v�W̃ðt0; qÞh þ ð1� rhÞð1� bhÞfð1� dhÞṼðv þ h; t0; qÞ

þ dhJ̃ðt0 þ v þ h; q þ Dq þ dqÞUg;

where Dq ¼ ðg
g
� g

e
Þv and dq ¼ ðg

g
� g

e
Þh describe the evolution of the worker’s q at

the firm, which is relevant if the current match dissolves, and J̃ðt þ h; q þ Dq þ dqÞU
is the continuation value in this event. In effective units,

Vðv; qÞ ¼ exp½g
e
v�WðqÞ þ ð1� rhÞð1� bhÞfð1� dhÞVðs þ h; qÞ

þ dh exp½g
g
ðv þ hÞ�Jðq þ Dq þ dqÞUg:

This relationship holds for all vX0: Rearranging yields:

fVðv þ h; qÞ � Vðv; qÞg=h � b0Vðv þ h; qÞ

¼ �exp½g
e
v�WðqÞ � d exp½g

g
v�Jðq þ Dq þ dqðhÞÞ

u
:

where b0 
 bþ r þ d: Taking the limit as h-0 gives

dVðv; qÞ=dv � b0Vðv; qÞ ¼ �exp½g
e
v�WðqÞ � d exp½g

g
v�Jðq þ ðg

g
� g

e
ÞvÞ

u
:
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For g
g
ag

e
; integration then gives,

Vðv; qÞ ¼ lim
%v-N

exp �
Z %v

v

b0dv

� �
A þ

Z
N

v

exp

Z %v

z

b0dv

� �
fexp½g

e
z�WðqÞ

�

þ d exp½g
g
ðv þ zÞ�Jðq þ ðg

g
� g

e
Þðv þ zÞÞ

u
g
�

dz

¼ exp½gev�WðqÞ
b0 � g

e

þ d
g
g
� g

e

Z Q

q

exp �b0 � g
g

g
g
� g

e

ðq0 � qÞ
� �

Jðq0Þ
u

dq0:

The asset value JðqÞE reported in (2.9) is obtained by noting JðqÞE ¼ Vð0; qÞ; since
v ¼ 0 corresponds to the point at which the worker is just hired. The other asset
values are derived through similar methods. &

Proof of Lemma 1 (The terminal vintage). (i) Let wðqÞ denote the wage offer
function. First, recall that JðqÞE � JðqÞU ¼ PðqÞF �PVX0 [see Eq. (2.14)]. Next,
define Q such that aðs;K0Þ; exp½�Q� 
 PV40: The definition of PðqÞF and the fact
that wðqÞX0 imply aðs;K0Þ exp½�q� �PVXPðQÞF �PV: It follows then that

04aðs;K0Þ exp½�q� �PVXPðqÞF �PV for all q4Q; implying that after Q the

wage is negative. Note that wðQÞ ¼ 0; since 0 
 aðs;K0Þexp½�Q� �PV ¼ PðQÞF �
PVX0: Uniqueness of Q is proved below.
(ii)–(iii) The reported derivatives are obtained easily by totally differentiating

aðs;K0Þexp½�Q� 
 PV: &

Proof of Lemma 2 (The distribution function FðqÞU). (i) Supports: If gepg
g
; then

(2.5) indicates that qX0: Workers search for employment only if, qpQ (Lemma 1),
so that: qA½0;Q�: Alternatively, if g

e
4g

g
; then: limte-N qðte; tuÞ ¼ �N: Then from

Lemma 1, qAð�N;Q�:
(ii) The definition of the cumulative probability distribution function, is FðqÞU 
R q

0 gðq0ÞUdq0=
RQ

0 gðq0ÞUdq0: Similar remarks apply to FðqÞE:
(iii) The flow birth rate of workers is b: Let gðqÞU and gðqÞE represent, respectively,

the population densities of unemployed and employed workers with type q:We have

gð0ÞU ¼ 1� gð0Þ
e
¼ b; ðA:1Þ

since all new entrant workers are initially unemployed. For small time period h40;
we have

gðq þ dqÞE ¼ ð1� bhÞð1� dhÞgðqÞE þ mhð1� bhÞgðqÞU;

indicating that the population density of employed workers q þ dq equals the
population of q workers who do not die ð1� bhÞ and do not lose their job ð1� dhÞ
plus unemployed workers who survive ð1� bhÞ and find a job ðmhÞ: Re-arranging
this expression yields:

fgðq þ dqÞE � dgðqÞEg
dq

dq

h
¼ �ðbþ dÞgðqÞE þ mgðqÞU:
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The limit as h-0 then yields the following differential equation, (provided
ðg

g
� g

e
Þa0Þ;

dgðqÞE=dq ¼ � ðbþ dÞ
ðg

g
� g

e
Þ gðqÞE þ

m
ðg

g
� g

e
Þ gðqÞU; ðA:2Þ

where the following result is used limh-0 dq=h ¼ ðg
g
� g

e
Þ: Similarly,

dgðqÞU=dq ¼ d
ðg

g
þ g

u
Þ gðqÞE �

ðbþ mÞ
ðg

g
þ g

u
Þ gðqÞU: ðA:3Þ

Together, (A.2) and (A.3) represent a simple pair of first-order linear homogeneous
differential equations. The solution form is

gðtÞ
e
¼ A1 exp½l1q� þ A2 exp½l2q�; ðA:4Þ

gðtÞU ¼ A3 exp½l1q� þ A4 exp½l2q�; ðA:5Þ

where A1;y;A4 are integration constants and l1 and l2 are roots of the
characteristic equation,

l2 þ l
bþ d
g
g
� g

e

þ bþ m
g
g
þ g

u

� �
þ bðbþ dþ mÞ
ðg

g
� g

e
Þðg

g
þ g

u
Þ ¼ 0: ðA:6Þ

Using (A.4) and (A.5), in conjunction with the boundary conditions (A.1), yield:
0 ¼ A1 þ A2 and b ¼ A3 þ A4: Differentiating (A.4) with respect to q; in conjunction
with l1 and l2 and A1 ¼ �A2; yields,

dgðqÞE=dq ¼ l1A1 exp½l1q� � A1l2 exp½l2q�:

Furthermore, using solution (A.4) and (A.5) and A4 ¼ b� A3 in (A.2) gives,

dgðqÞE=dq ¼ A3
m

g
g
� g

e

� bþ d
g
g
� g

e

A1

� �
exp½l1q�

þ m
g
g
� g

e

ðb� A3Þ þ
bþ d
g
g
� g

e

A1

� �
exp½l2q�:

A comparison of coefficients between these two equations gives

A1 ¼
mb

ðg
g
� g

e
Þðl1 � l2Þ

and A3 ¼
bðr1ðgg � g

e
Þ þ bþ dÞ

ðg
g
� g

e
Þðl1 � l2Þ

: ðA:7Þ

Using these findings, A1 ¼ �A2; and the result that A4 ¼ b� A3 gives the results
reported in the text.

Proof of Corollary 1 (Distribution functions under g
e
¼ g

u
¼ 0). Since (A.6)

factorizes as: l1 ¼ �b=g
g
and l2 ¼ �ðbþ dþ mÞ=g

g
; (A.7) gives,

gðqÞU ¼ bd
dþ m

exp½�bq=g
g
� þ bm

dþ m
exp½�ðbþ dþ mÞq=g

g
�: ðA:8Þ

Integrating (A.8) with respect to q yields the expression in the text. Similar remarks
apply to gðqÞE: &
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Proof of Lemma 3 (The SS locus). (i) Limiting properties: the limiting results follow
directly from the Inada conditions.
(ii)–(iii) Derivatives with respect to m; and m0: Using the constant returns to scale

property of Mð�Þ; in conjunction with (3.10), write Z ¼ m0MðZ=m; 1Þ: Totally
differentiating this expression yields, ðm� m0MuÞ dZþ m0MuðZ=mÞ dm�
mMðZ=m; 1Þ dm0 ¼ 0; implying that the signs of the derivatives hinge upon: ðm�
m0MuÞ: From the Euler theorem, using (17), we have

mU ¼ m0MðU ;VÞ ¼ m0½MuðZ=m; 1ÞU þ MVðZ=m; 1ÞV �

which implies m� m0Mu ¼ m0MVðm=ZÞ40; proving the result. &

Proof of Proposition 2 (The wage agreement, wðq; :Þ). (a) Determination of wðq; :Þ:
Differentiating asset values (2.9) and (2.11) with respect to q gives

’Je ¼ ’w þ ð *bþ dÞg�1
g
ðJe � wÞ � ðd=g

g
ÞJu; ðA:9Þ

’Ju ¼ � m
g
g

Je þ ðb0Þg�1
g

Ju: ðA:10Þ

where ’x 
 @x=@q; *b 
 r þ b� g
g
; and the argument q is suppressed from w and the

asset value equations. The Nash bargaining (2.14) condition implies that,

Je 
 a0 exp½�q� � w þ Ju �PV; ðA:11Þ

’Je 
 �a0 exp½�q� � ’w þ ’Ju: ðA:12Þ

Substituting (A.11) and (A.12) into (A.9) gives,

�2 ’w þ ’Ju ¼ �2
*bþ d
g
g

 !
w þ

*b
g
g

 !
Ju þ

*bþ dþ g
g

g
g

 !
z �

*bþ d
g
g

 !
PV; ðA:13Þ

where zðqÞ 
 a0 exp½�q� and
’z ¼ �z: ðA:14Þ

Likewise, using (A.11) in (A.10) gives,

’Ju ¼ ðm=g
g
Þw þ ð *b=g

g
ÞJu � ðm=g

g
Þz þ ðm=g

g
ÞPV: ðA:15Þ

Together, (A.13), (A.14), and (A.10) represent a system of linear first-order
differential equations with constant coefficients in the variables: w; Ju; and z: The
system may be written,

�2 1 0

0 1 0

0 0 1

2
64

3
75

’w

’Ju

’z

0
B@

1
CA ¼

�2ð *bþd
g
g

Þ ð *b
g
g

Þ ð *bþdþg
g

g
g

Þ

ðm=g
g
Þ ð *b=g

g
Þ �ðm=g

g
Þ

0 0 �1

2
664

3
775

w

Ju

z

0
B@

1
CA

þ
�ð *bþd

g
g

ÞPV
ðm=g

g
ÞPV
0

0
BB@

1
CCA: ðA:16Þ
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The solution to (A.16) is of the form:

w ¼ B1 exp½l1q� þ B2 exp½l2q� þ B3 exp½l3q� þ wp; ðA:17Þ

Ju ¼ B4 exp½l1q� þ B5 exp½l2q� þ B6 exp½l3q� þ JUp; ðA:18Þ

z ¼ B7 exp½l1q� þ B8 exp½l2q� þ B9 exp½l3q� þ zp; ðA:19Þ

where B1;y;B9 are as-yet unknown coefficients, wp; JUp; and zp are particular

solutions and l1; l2 and l3 are roots of the characteristic equation,

ðlþ 1Þ l2 � l
*bþ d
g
g

þ
*bþ 1

2
m

g
g

 !
þ

*bð *bþ dþ 1
2
mÞ

g2
g

 !
¼ 0;

which possesses the distinct (real) roots: l1 ¼ �1; l2 ¼ � *b=g
g
; and l3 ¼ ð *bþ dþ

m=2Þ=g
g
: The coefficients, B1;y;B9 are determined, after lengthy calculations, by

first differentiating (A.17)–(A.19) with respect to q; using the values of the roots, the
boundary conditions wðQÞ ¼ JðQÞU: Once this is done, the solutions (A.17)–(A.19)
are then substituted in (A.13) and (A.15). The coefficients Ai are then solved by
comparing their values in each of the above equations. Finally, the particular

solutions are determined by setting ’w ¼ ’Ju ¼ ’z ¼ 0 in (A.16) and solving the
resulting system of equations. The wage equation reported in the text is then
determined from (A.17).
(b) Properties of the wage agreement. Denoting b0 ¼ ðr þ dþ bÞ; the wage

agreement may be written as

2wðqÞ exp½q�=aðs;K0Þ ¼
b0 þ m
b0 þ 1

2
m
þ

g
g
ð1
2
mÞ

ðb0 þ 1
2
mÞðb0 þ 1

2
m� g

g
Þ
exp �

ðb0 þ 1
2
mÞ

g
g

DQ

� �

� b0 þ m� g
g

b0 þ 1
2
m� g

g

exp½�DQ�: ðA:20Þ

(i) Differentiating this expression with respect to q gives,

2ð ’w þ wÞ exp½q�=aðs;K0Þ ¼ ðb0 þ m=2� g
g
Þ�1 exp½�DQ�

� fðm=2Þ exp½�ðb0 þ m=2� g
g
Þ=g

g
� � ðb0 þ m� g

g
Þg

o ðb0 þ m=2� g
g
Þ�1 exp½�DQ�fm=2� ðb0 þ m� g

g
Þg

¼ ðb0 þ m=2� g
g
Þ�1 exp½�DQ�fg

g
� b0 � m=2go0;

where the inequalities follow from the condition bþ r þ d� gg40: Thus, ’w=wo� 1
as claimed. By definition, wðQÞ ¼ 0: Furthermore, wðqÞ is strictly decreasing in q;
which implies that Q is unique (thus completing the proof of Lemma 1).
(ii) Derivatives,
(a) @w=@s: Differentiating (A.20) with respect to s; gives, after rearrangement:

@w=@s ¼ ð@aðs;K0Þ=@sÞwðqÞ=a0 þ ½@w=@Q�ð@Q=@sÞ40;
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where the result follows from, @aðs;K0Þ=@s; Lemma 1, and ½@w=@Q�ð2=a0Þ ¼
ðD2Þ�1fðb0 � g

g
Þ þ mð1� ð1=2Þ exp½�ðD2DQÞ=g

g
�Þgexp½�DQ�40

(b) @w=@m: Differentiating (A.20) with respect to m gives:

4@ðwðqÞ=@mÞ exp½q�=aðs;K0Þ

¼ b0

D21
� b0 � g

g

D22
exp½�DQ� þ ðD1D2Þ2ðggðD1D2 � ðm=2ÞðD1 þ D2ÞÞ

� D1D2ðm=2ÞDQÞ exp½�D1ðg�1g ÞDQ�; ðA:21Þ

where D1 
 b0 þ m=2 and D2 
 D1 � g
g
: In order to prove the result, treat

DQA½0;NÞ as a choice variable and consider the problem of minimizing the right-
hand-side of (A.21) with respect to it. The result follows if the minimized expression
is positive. The first-order conditions for an interior minimum are,

ðg
g
ðD1D2 � ðm=2ÞðD1 þ D2ÞÞ � D1D2ðm=2ÞDQÞ exp½�D1ðg�1g ÞDQ�

¼ ðg
g
ðD1Þðb0 � g

g
Þ exp½�DQ� � g

g
ðmD2=2ÞÞ exp½�D1ðg�1g ÞDQ�:

If the solution is on the boundary, DQ ¼ 0; the result is trivial. Substituting this
result in (A.21) gives,

Sgnf@wðqÞ=@mÞg ¼ Sgnfb0D22 � ðb0 � g
g
ÞD1D2 exp½�DQ� � g

g
ðm=2ÞD2 exp½�D1ðg�1g ÞDQ�g:

But, since DQ40 and D140;

b0D22 � ðb0 � g
g
ÞD1D2 exp½�DQ� � g

g
ðm=2ÞD2 exp½�D1ðg�1g ÞDQ�

4Sgnfb0D22 � ðb0 � g
g
ÞD1D2 � g

g
ðm=2ÞDg ¼ 0

establishing the result. The derivative for g
g
and PV are proved through similar

methods.
(iii) The results for workers’ real income are proved through methods similar to

those for m above and are consequently not reported. &

Proof of Corollary 2 (The wage under g
g
-0). Recall that Q 
 ln½a0=PV�: Taking

limits in (4.1) yields wð0Þ ¼ ðb0þmÞ
ðb0þ12 mÞ

a0�PV
2

40: &

The Variance of the Wage Distribution According to the Date of Employment t0: Let

EðwÞ and Eðw2Þ denote the first and second moment of the wage distribution,
respectively. Using (4.1), tedious calculations show:

EðwÞ ¼
Z T

0

wðtÞgðtÞ dt ¼ W0
1

mþ bþ g
g

ð1� exp½�ðmþ bþ g
g
ÞT �Þ

�

� R1 exp½�g
g
T �

mþ b
ð1� exp½�ðmþ bÞT �Þ

þ R0

mþ b� y0
ð1� exp½�ðmþ b� y0ÞT �Þ

�
;
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Eðw2Þ ¼
Z T

0

fwðtÞ2ggðtÞ dt

¼ðW0Þ2
1� exp½�ðmþ bÞT �

mþ b
1

mþ bþ 2g
g

ð1� exp½�ðmþ bþ 2g
g
ÞT �Þ

�

þ ðR1Þ2

mþ b
exp½�2g

g
T �ð1� exp½�ðmþ bÞT �Þ

þ ðR0Þ2

mþ b� 2y0
ð1� exp½�ðmþ b� 2y0ÞT �Þ

� 2R1

mþ bþ g
g

exp½�g
g
T �ð1� exp½�ðmþ bþ g

g
ÞT �Þ

þ 2R0

mþ bþ g
g
� y0

ð1� exp½�ðmþ bþ g
g
� y0ÞT �Þ

� 2R0R1

mþ b� y0
exp½�g

g
T �½1� expð�ðmþ b� y0ÞTÞ�

�
;

where W0 ¼ ŵaðmþbÞ
2ð1�exp½�ðmþbÞT �Þ: The variance of the wage, Var½w� ¼ Eðw2Þ � ðEðwÞÞ2;

then follows.

Proof of Lemma 4 (The EE locus). Under the free entry Condition, n0 ¼ Z #PF
Zþr�g

g

;

where #PF 

RQ

0 PðqÞF f ðqÞU dq and f ðqÞU is the density reported in Lemma 2. This
equation defines a function Z ¼ ZEEðm; s; g

g
Þ; since the Nash bargaining condition

and Condition N implies that PðqÞF4n0 over a set of qA½0;Q� with strictly positive
measure. The proofs of the various assertions made in Lemma 4 requires the

evaluation of #PF: By definition, PðqÞF ¼ aðs;K0Þ � wðqÞ: From Proposition 2 we

have

PðqÞF ¼ a0

2

b0

b0 þ 1
2
m
exp½�q� þ b0 þ m� g

g

b0 þ 1
2
m� g

g

n0
2

�
1
2
m g

g

ðb0 þ 1
2
mÞðb0 þ 1

2
m� g

g
Þ
n0
2
exp �

b0 þ 1
2
m� g

g

g
g

DQ

� �
: ðA:22Þ

Integrating (A.22) by parts gives

#PF ¼ v0 �
Z Q

0

’PðqÞFFðqÞ dq; ðA:23Þ

where PðQÞFFðQÞ ¼ n0 and Pð0ÞFFð0Þ ¼ 0: Differentiating PðqÞF with respect to q

yields

’PðqÞF ¼ � b0

b0 þ 1
2
m

a0

2
exp½�q� �

1
2
m

b0 þ 1
2
m
n0
2
exp �

ðb0 þ 1
2
m� g

g
Þ

g
g

DQ

� �
;

where DQ 
 Q � q and b0 
 bþ dþ r:
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(i) Limiting properties

The application of standard methods reveals

lim
m-0

ð #PF � v0Þ ¼
a0

2
ð1� exp½�Q�Þ � g

g

g
g
þ b

1� exp � g
g
þ b
b

� �
Q

� �� �� �

4
a0

2
ð1� exp½�Q�Þ � b

g
g
þ b

� �
40:

But then, Z0 
 limm-0 ðv0ðr�g
g
Þ

#PF�v0
Þ40: As m-N; the distribution function FðqÞ

converges uniformly to,

F �ðqÞ 
 lim
m-N

FðqÞ ¼ 1� exp½�ðb=g
g
Þq�

1� exp½�ðb=g
g
ÞQ�40

for all q40: However, the expression, ’PF converges uniformly to zero over the
interval ½0;Q� as, limm-N

’PF ¼ 0; which implies that:

lim
m-N

f #PF � n0g ¼ lim
m-N

Z Q

0

’PðqÞFFðqÞ dq ¼ 0; Z1 
 lim
m-N

n0ðr � g
g
Þ

#PF � n0
¼ N:

(ii) Derivative with respect to m
We have,

#P�
F � n0 
 lim

g
g
-0

f #PF � n0g ¼ b0

b0 þ 1
2
m

a0 � n0
2

! "
;

hence, @f #P�
F � n0g=@mo0 and @ZEE=@m40 as claimed for some half-open interval,

g
g
A½0; g

g
Þ

(iii) Derivative with respect to a0 
 aðs;K0Þ:
Given that, @a0=@s40 and @a0=@K040; we can evaluate the effects of s and K0

upon ZEE through knowledge of the sign of @ZEE=@a0 alone. The definition
a0 exp½�Q� 
 n0; allows us to write

’PðqÞF ¼ � b0

b0 þ 1
2
m
n0
2
exp½�DQ� �

1
2
m

b0 þ 1
2
m
n0
2
exp �

ðb0 þ 1
2
m� g

g
Þ

g
g

DQ

� �
: ðA:24Þ

Eq. (A.23) may be rewritten as

#PF � n0 
 �
Z Q

0

’Pð�Q þ qÞFFðq;QÞ dq:

Consider the change of variable, DQ 
 Q � qX0: Then,

#PF � v0 

Z Q

0

f� ’PðDQÞFgFðQ � DQ;QÞ dðDQÞ: ðA:25Þ

Notice that, as written, (A.24) does not depend upon a0 and that in the integral in

(A.25), � ’PF40: Consequently, from Leibnitz rule,

@f #PF � n0g=@a0 ¼ � ’Pð0ÞFFð0;QÞ

þ
Z Q

0

f� ’PðDQÞFg
@fFðQ � DQ;QÞg

@a0

� �
dðDQÞ:
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Since F is the cumulative distribution function of q; Fð0;QÞ ¼ 0; so that the sign
depends upon @fFðQ�DQ;QÞg

@a0
: Writing the cumulative distribution function F in terms

of the underlying population distributions (Lemma 2) yields F ¼ GðQ�DQÞ
GðQÞ :

Differentiating this with respect to a0 (noting that, Q 
 ln½a0=n0�40Þ gives,

@fFðQ � DQ;QÞg
@a0

¼ 1

a0

� �
G0½Q � DQ�GðQÞ � G0½Q�G½Q � DQ�

G½Q�2

" #
: ðA:26Þ

Evaluating (A.26) gives,

sgn
@fFðQ � DQ;QÞg

@a0

� �

¼ sgn d exp � b
g
g

Q

� �
exp

b
g
g

DQ

� �� �
� 1

þ m exp � ðbþ dþ mÞ
g
g

Q

� �
exp

ðbþ dþ mÞ
g
g

DQ

� �
� 1

� �
X0;

as DQX0: It follows that @f #PF � n0g=@a040 since,
@fFðQ�DQ;QÞg

@a0
¼ 0 only on a subset

of ½0;Q� of zero measure (namely, DQ ¼ 0Þ and @fFðQ�DQ;QÞg
@a0

40 otherwise.

Consequently,

@ZEE=@a0 ¼ � @f #PF � v0g
@a0

Z

ð #PF � n0Þ

� �
o0:

(iv) Derivative with respect to g
g
: From the definition of the EE locus we have,

lim
g
g
-0

@ZEE

@g
g

¼ rð@f #P�
Fg=@ggÞ � ð #P�

F � n0Þ
ð #P�

F � n0Þ2

 !
;

where limg
g
-0

#PF 
 #P�
F and @ #P�

F=@gg 
 limg
g
-0 ð@ #PF=@ggÞ: Lengthy calculations

give,

Sgn lim
g
g
-0

@ZEE

@g
g

� �
¼ sgnfwðmÞg;

where wðmÞ 
 ð 1
2ðb0þ12 mÞ

Þ
n
�
h
b0rfðbþdÞ2þdmg
bðbþdÞðbþdþmÞ

i
a0 þ rðm=2Þn0 � b0ða0 � n0Þ

o
: We have

lim
m-0

wðmÞ ¼ �1
2

r

b

� �
a0 �

1

2
ða0 � n0Þo0; lim

m-N

wðmÞ ¼ rn0=240:

The above limits imply that the (continuous) function wðmÞ possesses at least one
root, %m : wð %mÞ 
 0: That the root %m is unique is seen by differentiating wðmÞ around any

wð %mÞ 
 0; to yield:

Sgn
@wðmÞ
@m

''''
m¼ %m

( )
¼ sgn

a0b0rbðbþ dÞ
ðbþ dþ %mÞ2

 !
þ ð1=2Þðrn0Þ

( )
40:
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The root is unique since limm-0 wðmÞo0 and Sgnf@wðmÞ@m jm¼ %mg40 imply a unique
turning point. &

Proof of Proposition 3 (Steady-state equilibrium). Existence is immediate. The EE

and SS loci are continuous and, given their limiting properties described in Lemmas
3 and 4, must cross at least once. The point of intersection determines a pair ðm�; Z�Þ
consistent with the free-entry and steady-state conditions. Once m� and Z� are
determined, the other endogenous variables can then be calculated recursively. For
small values of g

g
; the locus EE is monotonically increasing and can thus intersect

the SS locus, which is monotonically decreasing, at most once. &

Proof of Lemma 5 (Optimal schooling). From Proposition 1 the asset value of a job
seeker is, for each qA½0;Q�;

JðqÞU 
 b0m
ðb0 þ 1

2
mÞðb0 � dÞ

a0

2
exp½�q�

þ
g
g
ð1
2
m2Þ

ðb0 þ 1
2
mÞðb0 þ 1

2
m� g

g
Þðdþ 1

2
mÞ

n0
2
exp �

ðb0 þ 1
2
m� g

g
Þ

g
g

DQ

� �

þ dg
g
m

ðb0 � dÞðb0 � d� g
g
Þðdþ 1

2
mÞ

n0
2
exp � ðb0 � d� g

g
Þ

g
g

DQ

� �

� ðb0 � g
g
Þm

ðb0 � d� g
g
Þðb0 þ 1

2
m� g

g
Þ
n0
2
; ðA:27Þ

where b0 
 bþ r þ d; DQ 
 Q � q;Q 
 lnða0=v0Þ; and a0 
 aðs;K0Þ: At the point of
their entry into the labor market, q ¼ 0: Solving: maxsX0fJð0ÞU � cðsÞg by

differentiating (A.27) with respect to s yields:

b0m
ðb0 þ 1

2
mÞðb0 � dÞ

a0

2
ðas=a0Þ

�
ð1
2
m2Þ

ðb0 þ 1
2
mÞðdþ 1

2
mÞ

v0

2
exp �

ðb0 þ 1
2
m� g

g
Þ

g
g

Q

� �
ðas=a0Þ

� dm
ðb0 � dÞðdþ 1

2
mÞ

v0

2
exp �ðb0 � d� g

g
Þ

g
g

Q

� �
ðas=a0Þ � c0ðsÞ ¼ 0; ðA:28Þ

where as 
 @aðs;K0Þ=@s40: That s possesses an interior solution, provided m40;
follows, since a0 
 n0 exp½Q�4n0; b04g

g
; and b0 � g

g
� d 
 r þ b� g

g
40; implying

that the left-hand side of (A.28) strictly exceeds the sum of the coefficients:

b0m
ðb0 þ 1

2
mÞðb0 � dÞ

�
ð1
2
m2Þ

ðb0 þ 1
2
mÞðdþ 1

2
mÞ

� dm
ðb0 � dÞðdþ 1

2
mÞ

¼ 0;

implying s40: Furthermore, since aðs;K0Þ and cðsÞ are, respectively, strictly concave
and convex, the maximizing value of s is bounded above. Consequently, there exists
(at least one) interior maximum. Differentiating (A.28) with respect to s around any
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given stationary point yields:

ass

a0

1

as

c0ðsÞ � c00ðsÞ þ as

a0

� �2 m
dþ 1

2
m

" #

� n0
2

m=2
g
g

exp �m=2
g
g

Q

� �
þ d
g
g

exp � d
g
g

Q

� �� �
exp �ðb0 � g

g
Þ

g
g

Q

� �

o
ass

a0

1

as

c0ðsÞ � c00ðsÞ þ as

a0

� �2 n0
4Q

� �
o0;

where the first inequality follows from evaluating the maximum value of the term

beginning ðas=a0Þ2 (treating m=ð2g
g
ÞX0 as a choice variable) and the second from

Condition U. So the maximum is unique. The properties of the schooling effort
function are derived by totally differentiating (A.28), to yield:

@2ðJð0ÞU � cðsÞÞ
@2s

ds þ @2ðJð0ÞU � cðsÞÞ
@s@g

g

dg
g
þ @2ðJð0ÞU � cðsÞÞ

@s@m
dm ¼ 0:

The effect of an increase in m: Differentiating (A.28) with respect to m yields

b02

ðb0 � dÞðb0 þ 1
2
mÞ2
exp½Q�

�
mðb0 þ m

2
Þðdþ m

2
Þ � m2

2
ðdþ b0 þ mÞ � Q

2
ðb0 þ m

2
Þ2ðdþ ðm=2ÞÞ2

ðb0 þ 1
2
mÞ2ðdþ 1

2
mÞ2

� exp �
b0 þ m

2
� g

g

g
g

Q

� �
� d2

ðb0 � dÞðdþ 1
2
mÞ2
exp �b0 � d� g

g

g
g

Q

� �

4
b02

ðb0 � dÞðb0 þ m
2
Þ2

�
mðb0 þ m

2
Þðdþ m

2
Þ � m2

2
ðdþ b0 þ mÞ

ðb0 þ 1
2
mÞ2ðdþ 1

2
mÞ2

� d2

ðb0 � dÞðdþ m
2Þ
2
¼ 0;

the inequality following since Q40; b04g
g
; b0 � d� g

g
¼ bþ r � g

g
40; and the

coefficient on exp½�b0�d�g
g

g
g

Q� is strictly positive. The result then follows as

@2ðJð0ÞU�cðsÞÞ
@2s

o0:
The effect of an increase in g

g
: Differentiating (A.28) with respect to g

g
yields:

� ðm2=2Þ exp �
b0 þ 1

2
m� g

g

g
g

Q

� �
þ dm exp �b0 � d� g

g

g
g

Q

� �� �
Qðas=a0Þ
dþ 1

2
m

n0
2
o0:

The result then follows as
@2ðJð0ÞU�cðsÞÞ

@2s
o0: Similarly, the effect of an increase in K0

follows. &

Proof of Proposition 4 (Properties of steady-state equilibrium). An equilibrium

is characterized by a pair ðm�; Z�Þ such that Z� � ZEEðm�; s;K0Þ ¼ 0 and
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Z� � ZSSðm�;m0Þ ¼ 0: The application of standards methods, yields dm�=ds40;
dm�=dK040 and dm�=dm040
(i) (wages) Totally differentiating w� with respect to arbitrary l yields

dw�=dl ¼ @w�=@lþ ðdw�=dmÞðdm�=dlÞ:

Using Proposition 2, the results follow. The other comparative statics results follow
in a similar manner. &

Proof of Proposition 5 (Steady-state equilibrium with endogenous schooling). (i)
The proof of existence is virtually the same as in Proposition 3 the SS locus is
unchanged and the EE locus adjusts to changes in s:

(ii) From Lemma 4 limm-0 ZEEðm; �Þ ¼ Z0Að0; %ZÞ with %ZoN; limm-N ZEEðm; �Þ ¼
N; limg

g
-0 @ZEE=@g

g
40; if mAð0; %mÞ; %moN; and limg

g
-0@ZEE=@g

g
o0 other-

wise. Furthermore, it follows, from (3.10), that limm0-0 Z
SSðm; �Þ ¼ 0: Hence

there exist m̃0; such that m�o %m whenever m0Að0; m̃0Þ and m�4 %m otherwise. It
follows that dm�=dg

g
o0 if m0Að0; m̃0Þ: Totally differentiating w� with respect to g

g

yields:

lim
g
g
-0

dw�=dg
g
¼ lim

g
g
-0

fð@w�=@g
g
Þ þ ð@w�=@mÞðdm�=dg

g
Þg:

Since @w�=@g
g
o0; @w�=@m40 (see Proposition 2) and, as shown above,

dm�=dg
g
o0 if m0Að0; m̃0Þ; the result follows. The other results follow in a similar

manner. &

Asset value Equations with re-training:

(a) The value of employment

Assume that the firm trains the worker initially at q̂e

0ðqÞ and then periodically at q̂e:
The stationary asset value is,

J0E ¼ d
g
g
� g

e

Z q̂e

0

exp �
*bþ d
g
g
� g

e

q0

" #
Jðq0ÞU dq0

þ exp �
*bþ d
g
g
� g

e

q̂e

" #
J0E

which then yields,

J0E ¼
d

g
g
�g

e

R q̂e

0
exp½� *bþd

g
g
�g

e

q0�Jðq0ÞU dq0

1� exp �
*bþ d
g
g
� g

e

q0

" # :

ARTICLE IN PRESS
D. Laing et al. / Journal of Economic Theory 112 (2003) 106–156152



Ex ante the worker is first re-trained at q̂E

0 : This then gives,

JðqÞE ¼wðqÞ þ d
g
g
� g

e

Z q̂E
0

0

exp �
*bþ d
g
g
� g

e

ðq0 � qÞÞ
" #

Jðq0ÞUdq0

þ exp �
*bþ d
g
g
� g

e

ðq̂e

0ðqÞ � qÞ
" #

J0E

which then yields,

JðqÞE ¼wðqÞ þ d
g
g
� g

e

Z q̂e
0

q

exp �
*bþ d
g
g
� g

e

ðq0 � qÞÞ
" #

Jðq0ÞU dq0

þ exp �
*bþ d
g
g
� g

e

ðq̂e

0 ðqÞ � qÞ
" #

d
g
g
�g

e

R q̂e

0
exp½� *bþd

g
g
�g

e

q̂e�JðqÞU dq

1� exp½� *bþd
g
g
�g

e

q̂e�

0
@

1
A:

When g
e
¼ g

g
; the worker’s q value is invariant on the job. The worker is re-trained

at most once. If the worker is not re-trained then JðqÞE ¼ wðqÞ þ d
*bþd

JðqÞU as he
leaves the firm in the same state, q; as he entered. If the worker is re-trained, then

JðqÞE ¼ wðqÞ þ d
*bþd

Jð0ÞU as he leaves the firm a re-trained worker of the most recent
vintage.
(b) The unemployment valuation

Assume that the worker re-trains himself upon reaching q̂u: The stationary value
of this behavior is then,

J0U ¼ �Cðq̂uÞ þ m
g
g
þ g

u

Z q̂u

0

exp �
*bþ m
g
g
þ g

u

q0

" #
Jðq0Þ

e
dq0 þ exp �

*bþ m
g
g
þ g

u

q̂u

" #
J0U

which then yields,

J0U ¼
�Cðq̂uÞ þ m

g
g
þg

u

R q̂u

0
exp½� *bþm

g
g
þg

u

q0�Jðq0Þ
e

dq0

1� exp½� *bþm
g
g
þg

u

q̂u�
:

Ex ante the worker first re-trains himself at, q̂u

0

JðqÞU ¼ m
g
g
þ g

u

Z q̂u
0

q

exp �
*bþ m
g
g
þ g

u

ðq0 � qÞ
" #

Jðq0Þ
e
dq0

þ exp �
*bþ m
g
g
þ g

u

ðq̂u

0 � qÞ
" #

f�Cðq̂u

0 Þ þ Cðq̂uÞ þ J0Ug;

where �Cðq̂u

0 Þ þ Cðq̂uÞ is the net re-training cost (J0U represents a net of re-training
cost asset value). &

Proof of Lemma 6 (Re-training on the job). If the worker is initially re-trained, then
q̂e-N:Without subsequent re-training the expected value of the worker is: a0: The
value of re-training the worker is: a0 � CðqÞoa0:With ge ¼ g

g
; q and hence the value
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functions are invariant to the length of tenure at the firm. If re-training is pairwise
optimal, then with positive discounting, it occurs at the point of hiring. If re-training
is not initially optimal, then (given stationarity) it cannot be optimal to re-train the
worker at a later date. &

Proof of Proposition 6 (Re-training). Under Condition R(i), differentiating JðqÞ
U

with respect to q gives, for qoQ�
e
:

’JðqÞU ¼ � m
g
ða0 exp½�q� � n0Þ þ

m
2g

½ð1� #mÞ þ ð1� #m#dÞ�JðqÞU;

where g 
 g
g
þ g

e
and the Nash bargaining solution, JðqÞE � JðqÞU ¼ a0 exp½�q� �

wðqÞ � n0; is used. Simple re-arrangement of the boundary values JðQ�
e
Þ
e
and JðQ�

e
Þ
u

yield,

JðQ�
e
Þ
u
¼ m=2

*bþ m=2

1

ð1� #dÞ
ða0 exp½�Q�

e
� � n0Þ;

where Q�
e
solves: #dJð0Þ

u
¼ #dJðQ�

e
Þ
u
þ C0 � a0ð1� exp½�Q�

e
�Þ: If d ¼ 0; then Q�

e
¼

�ln½ða0 � C0Þ=a0�40 and the boundary value is, JðQ�
e
Þ
u
¼ m=2

*bþm=2
ða0 exp½�Q�

e
� � n0Þ;

implying the differential equation possesses the solution displayed in (6.12). Upon
differentiation, JðqÞU is seen to be decreasing in qA½0;Q�

e
Þ: In order to ensure that

this is an equilibrium, we must ensure that workers do no re-train themselves. We
must show that for all qA½0;Q�

e
�; Jð0Þ

u
� C0 � JðqÞUp0: A sufficient condition is

then to show, Jð0Þ
u
� C0 � JðQ�

e
Þ
u
p0; as JðqÞU is decreasing in q: Simple

manipulation gives,

sgnfJð0Þ
u
� C0 � JðQ�

e
Þ
u
g ¼ � a0gmþ gmða0 � C0Þ 1�

C0

a0

� � *bþm=2
g

� 2C0 *bðgþ *bþ m=2Þ

o � gmðC0Þ � 2C0 *bðgþ *bþ m=2Þo0

as claimed. Finally, we show that the firm hires workers for whom, qXQ�
e
; requiring:

PðQ�
e
Þ
f
� n0X0: Under the Nash bargain, we have: JðQ�

e
Þ
e
� JðQ�

e
Þ
u
¼ PðQ�

e
Þ
f
� n0:

But,

JðQ�
e
Þ
e
¼ wðQ�

e
Þ ¼ 1

2
ða0 exp½�Q�

e
� � n0Þ þ

1

2
JðQ�

e
Þ
u
;

JðQ�
e
Þ
u
¼

1
2
m

1
2
mþ *b

ða0 exp½�Q�
e
� � n0Þ ¼

1
2
m

1
2
mþ *b

ða0 � C0Þ

which give,

PðQ�
e
Þ
f
� n0 ¼

*b
1
2
mþ *b

ða0 � n0 � C0ÞX0;

where the inequality follows from Condition R(ii). &
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Proof of Proposition 8 (Mandatory retirement). For any worker with history q;
recall that dHðqÞ=dte ¼ ½GeðteÞ � g

g
�HðqÞ: Suppose there does not exist mandatory

retirement date teðqÞMAð0;NÞ: Then, consider such a worker at employment tenure
teðqÞ-N: But Assumption 4 implies that HðqÞ-HminoHðg

g
tuÞ: Since re-entry

into the labor market is costless for firms under Assumption 5, it is beneficial for a
firm matched with a worker of teðqÞ-N to do so, thus leading to contra-
diction. &
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