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Abstract
This paper extends the Cass-Koopmans
optimal growth model to allow for endogenous fertility choice. It is shown that if agents choose their fertility rate, then the net rate of
return on capital (marginal product of capital minus the population growth rate) may not
be monotonically
decreasing in capital. In this case, multiple steady states and growth
paths may emerge, which can explain the persistent differentials in income between poor
and rich countries, as well as the existence of development
miracles and disasters. The
paper provides also empirical evidence which supports the existence of multiple convergence groups and is consistent with the theoretical model.
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equilibria

1. Introduction
has been a resurgent interest in the problems of economic
growth and development. One of the stylized facts that economists try to explain
is the persistent differentials in income between poor and rich countries. The
neoclassical optimal growth model (e.g., Cass, 1965; Koopmans, 1965) predicts
that countries will converge to a common standard of living and hence it seems
Recently,
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to be incompatible with the diverse growth patterns of countries. Various
endogenous growth models (e.g., Lucas, 1988; Rebelo, 1991), on the other hand,
predict that, holding preferences and technology constant, countries will have
the same growth rate of per capita income; initial differences therefore will never
be eliminated.’
Empirical evidence found in Abramovitz (1986), Baumol and Wolf (1988),
Baumol, Blackman, and Wolf (1989), Dowrick and Nguyen (1989), Durlauf and
Johnson (1992), Mankiw, Romer, and Weil (1992), and this paper, however,
supports, contrary to the predictions of the endogenous growth models, the
existence of convergence groups, i.e., convergence among the developed as well
as among the ‘developing’ or ‘less-developed’ countries. Among the distinctive
features of each group are the investment-output
ratio and the population
growth rate. More specifically, the average share of investment (including
government investment) in real GDP among the 15 richest (poorest) countries,
over the period 1960-1985, is 26.6% (11.35%).’ The corresponding average
population growth rate, on the other hand, is 0.74% (2.56%).3
Motivated by these development ‘facts’, the theoretical framework of this
paper modifies the neoclassical optimal growth model by incorporating fertility
decisions. Following the existing literature, e.g., Razin and Ben-Zion (1975),
Barro and Becker (1989), and Wang, Yip, and Scotese (1994), the number of
children and the welfare of each child enter the utility of the parental decisionmaking unit (household or family).4 Any change in the reproduction rate of the
family affects the per capita level of capital and parents’ time devoted to
production. These changes feed back into the economy, influencing capital
accumulation and fertility. The investment decisions, therefore, become more
complex. In particular, it is shown that, under endogenous fertility choice, the
net rate of return on capital, defined as the marginal product of capital minus the
population growth rate, may not be monotonically decreasing with respect to
capital. This, in turn, results in the existence of multiple, Pareto rankable steady
states which can explain the existence of convergence groups. Moreover, the
possibility of multiple growth paths and coordination failures also emerges which

i I follow the existing literature, e.g., King, Plosser, and Rebel0 (1988), and use the terms ‘neoclassical
(optimal) growth models’ and ‘endogenous growth models’ to refer, respectively, to models in which
there are decreasing and nondecreasing returns to scale with respect to reproducible capital(s). Note,
however, that one could argue, convincingly, that both classes of models are neoclassical.
‘Countries are classified according to their per capita income in 1960, to avoid any selectivity bias
(see Section 4 below and De Long, 1988).
‘Unless otherwise specified, all calculations are based on the Summers and Heston (1988) data set.
Note also that using the fertility rate, to account for the influence of mortality and migration, is
expected to increase the difference between the two groups even more.
?See Wang, Yip, and Scotese (1994) for empirical evidence in support of the endogeneity of fertility
choice.

T. PalivoslJournal

of Economic Dynamics and Control 19 (1995)

1489-1510

1491

provides an explanation for the fact that a few originally moderate or lessdeveloped countries (e.g., Germany, Japan, Newly Industrializing Countries)
have entered a phase of high growth, while some developed countries have failed
to live up to their growth promise and have moved to a lower level of economic
development (e.g. Central and South American countries).’
The idea of multiple equilibria has been used as a rationale for the theory of
the ‘big push’ in economic development (see, for example, Rosenstein-Rodan,
1943; Murphy, Shleifer, and Vishny, 1989). That is, a sufficient increase in the
savings rate could force the economy to bypass the ‘low-level equilibrium’ or
‘poverty’ trap and enter a stage of higher economic growth. Other changes that
could contribute to this big push include population control policies and foreign
aid. The possibility of a poverty trap, in the case of variable population growth,
was first discussed by Nelson (1956), within the context of the Solow-Swan
(nonoptimizing) model.
Multiple steady states have also been derived in refinements of the neoclassical optimal growth model, using a welfare criterion in which both the consumption level (control variable) and the capital stock (state variable) enter (Kurz,
1968; Arrow and Kurz, 1970). Such models have been criticized, however, for
‘double count’, i.e., the welfare effects of increments to the capital stock are
counted twice, directly and through changes in future consumption (see, for
example, Burmeister and Dobell, 1970, pp. 41 l-412). Furthermore, these models
do not attempt to examine the role of fertility in development, and, more
importantly, do not generate multiple growth paths; hence they cannot explain
‘overtaking’, i.e., one country overtakes another one, despite the fact that the
former starts with a lower capital endowment. In fact, to my knowledge, the
model in this paper is the only neoclassical optimal growth model which can
generate multiple growth paths and thus extend the theory of macroeconomic
coordination failures, which is typically conducted within a stationary environment without growth.
Finally, multiple development equilibria arise also in a recent paper on
endogenous growth by Becker, Murphy, and Tamura (1990), which examines
the interactions between education, growth, and fertility, under the assumption
that the rate of return on human capital increases over some range. Such
a setting, however, predicts convergence among the poor but divergence among
the rich countries. In addition, as the model in this paper demonstrates, interactions between human capital and fertility, which complicate the analysis significantly, are not necessary for the existence of multiple equilibria.
The remainder of the paper is organized as follows. Section 2 develops
a neoclassical optimal growth model with endogenous fertility choice. Section 3

5 For example, Argentina, one of the world’s most prosperous
income level of a ‘developing’ country by 1979.

countries

in 1870, had reached

the
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determines the optimal growth path(s) and demonstrates the possibility of
multiple steady states. Section 4 presents some empirical evidence regarding the
existence of convergence groups. Finally, Section 5 concludes the paper.

2. The model
This section presents a neoclassical model of economic growth which can
explain the persistent differentials in per capita income across countries. This
occurs despite the presence of decreasing returns to capital and thus despite the
fact that the gross (but not the net) rate of return on capital is monotonically
decreasing.
2.1. The economic environment
Consider an economy which consists of N [N E (0, co )] identical integrated
households-firms. Individuals are assumed to be infinite-lived and to have
perfect foresight. Time is taken to be continuous.6
Preferences. Following the literature on endogenous fertility (e.g., Becker and
Lewis, 1973; Razin and Ben-Zion, 1975), each household’s preferences are
represented by an instantaneous utility function, u(e): rW: + Iw,which depends
on per capita consumption (c) and on household’s population growth rate (n),7
i.e., u(c(t), n(t)), where t > 0 is simply a time index.* I postulate that u E C*, and
that it is strictly increasing, ‘concave, satisfying the Inada conditions, namely
limi,0 Uj( .) = Go, limiha, uj( *) = 0, i,j = c, n, i #j. Moreover, both c and n are
assumed to be normal goods and hence Uii- (Ui/Uj)Uij< 0.
Technology. Each household has also access to a technology described by
a production functionf( .): [w, x [0, l] + Iw, such that y(t) =f(k(t), l(t)), where
y, k, and 1 denote output, capital, and (nonleisure) time spent producing goods,
all in per capita terms. The total nonleisure time endowment is normalized to
one. Furthermore, fe C *, and it is strictly increasing, strictly concave, linearly

‘Contrary to previous work (e.g., Razin and Ben-Zion, 1975; Barro and Becker, 1989), a continuoustime model is developed because it makes the comparison with the neoclassical model easier and
allows the use of standard phase-diagram techniques.
‘In the absence of immigration and mortality, there is a one-to-one correspondence
population growth rate and the number of children.
*See Nerlove (1974) for a critical discussion about this ‘family utility function’.

between the
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homogeneous, satisfying limi+0 f( .) = 0, i = k, 1, and the Inada conditions
limkdOfk(.) = co, limk+dOfk(.) = 0, Em,,, fr(.) =oc, and liml+,fi(.) = 0.9
Child cost.
Finally, child-rearing is time-consuming.”
Letting x denote the
time spent in child rearing, this cost can be captured by a function 4( .):
[w+-+ [0, l] such that”

x(t) = I.

(1)

Further, +( .) E C2, and is postulated to be strictly increasing, with 4(O) = 0.
The second derivative, $“( .), however, can be of either sign, i.e., the
marginal time cost of raising children can be increasing, constant, or decreasing.
The case of decreasing marginal time cost corresponds to the empirically more
relevant case of economies of scale in raising children (see, for example, Schultz,
1981, Ch. 6).
Constraints.

Households face the following two constraints:

c(Q+ &) + WW

=f(W, l(Q),

(2)

l(t) + x(t) = 1,

(3)

where h(t) = dk/dt. The first equation is the resource constraint according to
which total output can be used for consumption or investment purposes.12
Without any loss of generality, I assume that there is no capital depreciation.
Note also that capital, k(t), can be broadly viewed as a composite of human and
nonhuman capital, similar to Rebel0 (1991). Finally, the second equation is
simply the time constraint according to which nonleisure time can be used either
to produce goods or to raise children.

91 abstract from the issue of perpetual growth in per capita terms. The model can be easily expanded
to account for this by allowing for Harrod-neutral
technical progress (see, for example, King.
Plosser, and Rebelo, 1988). Instead, one can consider consumption,
capital, and income as being
measured in effective units.
“One could also consider
ively the same.

an (explicit) output

cost of raising children.

’ 1From an empirical perspective, x can be interpreted
not participate
in the labor force.

as the fraction

The results remain qualitatof the population

which does

12The term 1nk 3represents the amount of investment necessary to maintain the level of per capita
capital constant, as the family size increases. In an overlapping generations model, it represents total
bequests to children. Furthermore,
notice that the function g(n, k) = nk is neither concave nor
convex and hence the production
set, described by (2), is in general nonconvex.
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2.2. Household’s optimization problem
Given the initial capital stock, k(O) = k0 > 0, the representative household
seeks to maximize the discounted
‘sum’ of instantaneous
utilities:
u = lo” uCc(r), WI e -N dt, by choosing a set of paths {c(t), n(t), l(t),x(t))S,,,
subject to (lH3), and k(t), c(t), n(t) 3 0, x(t), I(t) E [O,l], Vt > 0, where
p[p E (0, co )] is the (constant) rate of time preference.13 Notice that, under the
specifying assumptions about the instantaneous utility function and the production technology, no optimal path will involve corner solutions, such as a savings
ratio s(t) E (0, l}, where s(t) = [k(t) + n(t)k(t)]/y(t) = [l - c(t)/y(t)], or time
spent in production I(t) E (0, l}.
Necessary conditions for optimality. Next, apply the Pontryagin maximum
principle to derive the necessary conditions for an optimal policy. The
current-value
Hamiltonian
H(e):
R”, + R is defined
as follows:
H(c, n, k,q) = u(c,n) + q[f(k, 1 - 4(n)) - c - nk], where q is the shadow price
of investment, (lH3) have been combined into one equation, and the time index
has been dropped to simplify the notation. Maximizing H, with respect to c and
n, one obtains the following conditions:
UC= 4,

(4)

un= q (4’1;+ k).

(5)

As it is usually the case, these two conditions have a marginal benefit vs.
marginal cost interpretation; namely that (on the margin) goods and time must
be equally valuable in their two alternative uses.
Assumption 1. For any given value of k, the opportunity cost of children in terms
of output, 4’J; + k, is strictly increasing in n, i.e., $“fr - (#‘)‘f;, > 0.
This condition always holds under constant or increasing marginal time cost of
raising children, i.e., 4”(n) 2 0. Nevertheless, it is also compatible with decreasing marginal time cost, i.e., economies of scale in child-rearing. Assumption
1 together with u,( .) -C0 ensure that the Hessian of the Hamiltonian is negative
definite with respect to the instruments, c and n, which is a sufficient condition
for a maximum of H.”

i31n any standard overlapping
generations
model, p is inversely related to the degree of altruism.
One could allow the altruistic component
of welfare to depend on n, as in Barro and Becker (1989).
The results of this paper, however, will remain unchanged.
“‘Detailed derivations of results which are simply stated in the paper can be found in an Appendix,
available from the author upon request.

T. PalivoslJoumal of Economic Dynamics and Control 19 (1995) 1489-15/O

1495

From the Pontryagin maximum principle, one also obtains the following
differential equation which governs the behavior of 4:

(6)

4 = (P + n - .hc)%
and the following ‘transversality condition at infinity’:
lim exp ( - pt)q(t)k(t) = 0.

(7)

f - ICC

Eqs. (l)(7) constitute the set of necessary conditions.
Derived demands. Solving Eqs. (4H5) yields a set of ‘derived demand functions’, c(k, q) and n(k, q), which, by the Global Univalence Theorem, is unique.
Moreover, simple differentiation yields cq < 0, ck$0 $ u,, 20, n4 < 0, nk -C0.
An increase in the shadow price of capital, which measures its marginal contribution, will apparently promote capital accumulation and decrease both c
and n (alternative ways to dispose of output). Notice also from the private
budget constraint, Eq. (2), that k plays the role of the price of n
(recall that nk represents the amount of investment necessary to keep the level of
per capita capital constant). Hence, an increase in k decreases n and increases
(decreases) c if consumption and children are Edgeworth substitutes (complements).
Next define the maximized current-value Hamilitonian, Ho.
Definition 1.

The maximized current-value Hamiltonian Ho: 0%: -+ R is given by

H’(k, q) = max,..H(k,

q, c, n).

By using the derived demand functions and the maximized Hamiltonian, one
can reduce the set of necessary conditions to a pair of differential equations in
the (k,q) space. Thus:
Proposition 1. The following ‘modijied Hamiltoniun system’ describes the dynamic behavior in the (k,q) space of the system of necessary conditions for an
optimal program:
6 =f (k, 1 - 4(n(k, 4))) - c(k, q) - n(k, q) k = Hf(k, q),

(8)

4 = CP+ n(kq) -h(k, 1 - Mk,q))lq

(9)

together with k(0) = k. and (7).

= pq - H,O(k,q),
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3. Analysis of optimal path(s)
If the maximized Hamiltonian (Ho) is concave with respect to the state
variable k, given q and t, then the necessary conditions are also sufficient (see, for
example, Arrow and Kurz, 1970). For this to be true the following condition
must hold:

hk - (+‘fkt + 1)nk

(10)

d 0.

This condition is very important for the discussion in the subsequent sections. It
requires that the net rate of return on capital,fk(k, 1 - 4(n)) - n, is monotonically decreasing in k. To see this, consider an increase in the capital stock. From
the decreasing returns to scale (with respect to k) assumption, it follows that the
net rate of return will decrease byf,,dk. At the same time, however, an increase
in k affects n negatively, and hencefk(k, 1 - 4(n)) - n positively, in two ways.
First, since k plays the role of the price of n, an increase in k has a direct negative
effect on n and hence the additional output will be shared with less people (i.e.,
per capita consumption increases). The size of this effect is given by nkdk.
Second, an increase in the capital stock increases the wage rate (recall that
fkl >.O) and hence labor shifts from the child-producing to the goods-producing
sector. This decreases n and increases output by $‘fkl n,dk. Condition (10)
requires that the net effect of an increase in k on its net rate of return is always
negative. 15
The following lemma holds in this model, as well as in the neoclassical growth
model and its refinements (see, for example, Cass, 1965):
Lemma 1.
Proof.

Any optimal policy is bounded.16

The proof follows immediately from the Inada conditions.

0

Furthermore:
Lemma 2.

A limit cycle cannot occur in this model.

Proof: From (8) and (9), one obtains al$k + &j/aq = H$ + p - H,$ = p. By
applying then the Bendixson-Du Lac Theorem (see Boyce and DiPrima, 1977,
Theorem 9.8, p. 446) the result follows. [7

IsNote that if one considers explicit output cost of child-rearing
with an economies
then the positive effect on the net rate of return on capital will be even stronger.
“Any solution to the system (SHS), v(k(O), q(O), t), is said to be bounded
B c R: + such that v(k(O),q(O), t) G B, Vf 3 0.

of scale phase

if there exists a compact

set
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Using Lemmas 1 and 2, one can establish the following proposition:
Proposition 2. Any solution v[k(O), q(O), t], t > 0, of the system (SH9)
gences to a rest point (k*,q*) as t -+ 00.
Proof
By the PoincaritBendixson
Theorem 9.9, p. 446) every trajectory
converge to a limit cycle, or converge
shown in Lemma 1 and limit cycles

conver-

Theorem (see Boyce and DiPrima, (1977)
v[k(O), q(O), t] must become unbounded, or

to a rest (stationary) point. Boundedness is
are ruled out in Lemma 2. 0

Thus, any path which does not ultimately converge to a steady-state equilibrium will not be optimal.
3. I. Characterization of equilibria

The
slopes
of the
stationary
loci,
q = 0 and
k = 0, are
dq/dk(i=,, = - (H$/H~~) and dq/dkldEO = H&/(P - H,O,).First, from the definition of H ‘, it follows that Ho is convex in q and hence H,O,> 0 (the proof uses
simply the definitions of convexity and of maximum). Second, it can be shown
that, in any steady state, where k = 0 and q = 0, the sign of H& ( = HqOk)is
positive. Any upward-sloping portion of the k = 0 locus therefore can be
ignored without loss of generality. Next, I attempt to determine the sign of
the slope of the q = 0 locus (dq/dkJ,=,).
Simple differentiation yields
p - H&l4 = o < 0. Hence, the sign of dq/dk l4=o depends on the sign of H& where
H& = q [If& - (4’fkl + l)nk] . This in turn, depends crucially on condition (10).
Figs. 1 and 2 capture different configurations. In general, there will be multiple
stationary points.
One can study the local stability of the system, (8) and (9), by considering
a linear approximation in the neighborhood of any steady state, (k*,q* ).
The two eigenvalues are: mj = $[p - ( - l)j(p2 - 4y)‘.‘], j = 1,2, where
y = [p - H&(k*,q*)l H$Ak*,q*)+ HkO(k*,q*)
H40,(k*,q*).
Thus,

(11)
There are three cases to consider: (i) y < 0, and thus the q = 0 locus cuts the
k = 0 locus from below, e.g., points A and C in Fig. 1 and point A in Fig. 2. In
this case, the two eigenvalues are real and of opposite sign, implying the saddle
point property. If y > 0, then the q = 0 locus cuts the k = 0 locus from above,
e.g., point B in Figs. 1 and 2. Furthermore, either (ii) y E (p2 /4, cc ), in which
case both eigenvalues are real and positive implying an unstable node, or (iii)
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Fig. 1.

(0,p2/4), which yields two complex eigenvalues with real
R, + and hence the stationary point is an unstable focus.”

y E

parts

in

3.2. Unique steady state
Consider first the case where condition (10) holds everywhere. This implies
that y < 0 and 4 = 0 locus cuts the k = 0 locus from below. The behavior of the
system (g)(9) is depicted in Fig. 3. There is only one steady-state equilibrium,
which has the saddle-point property.” The path that leads to this point is
optimal and unique. From the phase diagram in Fig. 3, one can see that if
k0 < k* (k, > k*) the steady state will be approached monotonically, with
k increasing (decreasing) steadily and q falling (rising). Countries starting from
different initial conditions will therefore converge to the steady state,

“If y = p/4 or y = 0 then the system is structurally
unstable. That is, an arbitrarily
small perturbation of the parameters
will destroy those equalities and change the character of the equilibrium;
technically
speaking, the system exhibits bifurcations
at these critical points. In this case, local
linearized analysis cannot be relied on to infer the stability of the system (see Liviatan
and
Samuelson,
1969, for an analysis of a case where one characteristic
root is zero, which, in this
context, is implied by y = 0).
“As the case of point A in Fig. 2 shows, condition
the system.

(10) cannot

be uniquely

related to the stability

of
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Fig. 2.

k*

(

k

Fig. 3. Unique equilibrium.

which, in turn, implies that poor countries will tend to grow faster along the
transition path.
The rate of convergence of the linearized system is proportional to the
deviation
between the current
position
and the steady state, i.e.,

1500
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k = mz[k(t) - k*], where mz is the smallest eigenvalue. Furthermore, one
show that C = ckk + cq4 > 0 ( < O)for ko < k*(kO > k*), i.e., consumption
creases (decreases) monotonically in the transition to the steady state.
optimal path of the population growth rate, however, may not be monotone
to the coexistence of an income and a substitution effect. Therefore:

can
inThe
due

Proposition 3. If condition (10) holds globally, then similarly to the standard
optimal growth model, identical countries starting from different initial positions
will converge to the same steady-state equilibrium. Moreover, countries that start
with a lower per capita capital (income) than others will initially have a higher
growth rate.
3.3. Mdtip~e steady states - Unique growth path

The next two sections examine the case where the maximized Hamiltonian is
nonconcave with respect to the stock variable k, and hence condition (10) is not
satisfied. The reason that this case arises in this model, but not in the standard
neoclassical one (e.g., Cass, 1965, and its extensions), stems from the fact that
when there is an endogenous fertility choice, the net production possibilities set
[described by (2)] is not convex. In general, there are two sources for this
nonconvexity of the production set. The first is the curvature of the function nk
(see Footnote 12) and the second is the presence of economies of scale in
child-rearing.
Next notice that if condition (10) does not hold, the slope of 4 = 0 locus can be
of either sign and the equilibrium may not be unique.ig Consider the following
definition:
DeJinition 2. Given an initial level of capitaE stock, k(0) = k,,, a stationary
equilibrium (k*, q*), is said to be reachable if there exists a continuous trajectory
satisfying (8) and (9) which starts at (k,, q), q E R+ + , and ends at (k*,q*).

It follows from Proposition 2 that if, given an initial value of k, there is only
one reachable steady state, then it is optimal to go there. One possible configuration is shown in Fig. 4. If the initial capital stock, kO, is greater than kB, then the
optimal policy implies convergence to C. If, on the other hand, k0 < kg, then the
optimal policy implies convergence to A. Finally, if k,, = kg, then the optimal

191n previous work e.lg., Razin and Ben-Zion (1975) and Wang, Yip, and Scotese (1994), condition
(10) is implicitly asiumed to hold. Notice, however, that it will not hold anywhere in the common
case where the instantaneous utility function takes the form t&n) = cbrreb, even if there are no
economies of scale present. Similar nonconvexities arise also in the static model of endogeneous
fertility choice in which k, in front of n in the private budget constraint, represents the quality of
children (see Becker and Lewis, 1973).
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Fig. 4. Multiple

equilibria,

unique

growth
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path.

policy requires that the total amount of savings should be just enough to maintain
kg. Point B thus acts as a threshold: countries which start with per capita capital
above it will converge to one (rest) point, while countries which start with per
capita capital below it will converge to another one. There are two convergence
groups and the choice between them is mandated by history (initial condition).
The intuition underlying this result is as follows. An economy with a high
level of (per capita) capital (k) will experience a high cost of raising children for
two reasons. First, the amount of capital that must be given to new members of
the society in order to maintain the existing level of per capita capital is high.
Second, the opportunity cost of parents’ time (wage rate) is also high. Due to the
high cost of raising children then, this economy will have a low fertility rate, will
devote most of the labor available in producing goods which, in turn, will
maintain a high level of per capita capital. A high fertility/low income situation
may also be an equilibrium for similar reasons. The following proposition
summarizes these results.
Proposition 4. lf the net rate of return on capital does not decrease monotonically
with respect to the capital stock then multiple steady states may emerge. The
existence of multiple steady-state equilibria together with the uniqueness of the
optimal path will generate convergence groups.

Countries with initial capital stock less than kB seem to be in a stagnation or
low-level equilibrium trap. One way through which they can break out of the
trap is via the ‘transfer’ of capital. This can take either the form of foreign aid or
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the form of direct investment, e.g., multinational corporations. In the first case, it
should be emphasized that the aid must be in the form of physical capital and/or
in the form of educational and technical training. If, instead, the aid takes the
form of a monetary transfer, then the effects can be reverse. To see this, rewrite
the resource constraint (2) as c + R + nk =f(k,l) + 62, where Q represents
foreign aid in the form of an income transfer (pure wealth). An increase in Szthen
will shift the R = 0 locus downwards and thus it will decrease k. Applying simple
differentiation, one can show that fertility will increase, while the effect on
consumption is ambiguous; on the one hand an increase in wealth tends to
increase consumption but, on the other, the drop of the capital stock tends to
decrease it. Finally, the enticement of direct foreign investment may require the
elimination of several economic, social, and political impediments to business
activity, such as government regulations which distort market incentives, inflexible public administration, high tax rates, lack of infrastructure, fear of expropriation, and political instability (see Stern, (1989) for a further discussion on these
impediments).*’
3.4. Multiple steady states - Multiple growth paths
Concavity of the (maximized) Hamiltonian and a tranversality condition
(Cass, 1965; Liviatan and Samuelson, 1969) or concavity and convergence to
a steady state (Arrow and Kurz, 1970) can be used to establish the existence of
a unique Pontryagin path, i.e., a path satisfying the necessary conditions. In the
case, however, where the Hamiltonian is not concave in k, the uniqueness of
Pontryagin paths is no longer ensured. Thus, starting with an initial value of
capital stock, there may exist several paths leading to different saddle points, i.e.,
there may exist multiple reachable equilibria. In this case, their values must be
compared to determine the global optimum. Using the method developed in
Skiba (1978) and Davidson and Harris (198 l), I next determine the optimal path
in case where there are two reachable equilibria.
Consider a country with an initial value of capital k. < kA (Fig. 5). The first
generation, which acts as a social planner, faces the following question: Between
the two feasible paths QA and PC, which one yields the global maximum? One
can answer this question using the following lemma:
Lemma 3. If a transversality condition at injinity is satisjied or if the solution of
the system ofdifferential equations, k = Hi(k,q) and 4 = pq - Hf (k,q) tends to

201n the case of multiple steady states the rate of return on capital is lower in the higher-income
equilibrium. Thus, the model does not account for the failure of capital to flow from rich to poor
countries. One possible explanation is the existence of imperfect capital markets implied by the
impediments mentioned above (see Ogaki, 1992). For alternative explanations, see Lucas (1990) and
Rebel0 (1992).
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paths.

horizon program,

U, is given by

U = f Ho[k(O), q(O)].
Proof.

I503

See Skiba (1978) or Davidson and Harris (1981).

(12)
IJ

Next, notice that Hi[k(O), q] = k > 0 for all q above the i = 0 locus and that
qp > qQ (seeFig. 5). Thus, it follows from (12) that the optimal solution is to take
the path PC. Intuitively, the reason is the higher level of per capita consumption
associated with point C. ‘l Similarly, if the initial value is greater than kc and
there are two alternative paths, one leading to point A and the other to point C.
then the optimal solution is to take the one that leads to point A. The reason, in
this case, is the large amount of dissavings along that path and the high
population growth rate associated with point AZ2 Nevertheless, it is not

“Japan
is one of the countries which seems to have followed a similar path in the postwar years.
During the period 195&69, the Japanese real GNP grew at annual rate of 10%. On the other hand.
between the 1949951 and 1959-61 periods, the crude birth rate (i.e., the number of births per 1000
persons) dropped from 28.8 to 17.2 (40.3% decrease), while the total fertility rate per woman (i.e., the
sum of age-specific birth rates for women from age 15 to 49 per woman) fell from 3.72 to 1.99 (46.5%
decrease), leveling off thereafter (see Hashimoto,
1974).
“Ghana,
followed

Madagascar,
Somalia, Venezuela, and Zaire are some of the countries which seem to have
such a path. During the period 1960-85. their annual GDP (population)
growth rate was
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possible for it to be simultaneously optimal for one country to start at
a k(O) < kA going to C and for another to start at a k(0) > kc going to A. If this
were optimal, then there would have to exist a closed trajectory (limit cycle)
between these trajectories. This is ruled out by Lemma 2.
Notice the similarity between this result and the one drawn in Section 3.2.
Given a set of structural parameters, despite the existence of multiple steadystate equilibria, otherwise identical, except for the initial capital stock, will
converge to the same stationary point. More specifically, as long as k(0) # kB,
countries will converge either to point A or to point C.
Due to the nonconcavity of the maximized Hamiltonian, however, the decentralized economy and the social planners’s problem are not necessarily equivalent. More specifically, in a decentralized economy agents may know the set of
equilbria, but not which will be selected. This depends not only on their own
decisions but on their neighbors’ decisions as well. Notice, however, that there
exists an element of self-fulfilling prophecy which resolves the choice among
multiple reachable equilibria. If everyone believes that the economy will reach
point A, then this will occur despite the fact that point C Pareto dominates over
point ,4.23 Cases like this are classified as coordination failures (see, for example,
Chatterjee, 1988; Cooper and John, 1988) and they are absent in a centralized
economy in which the social planner can orchestrate agent’s decisions by
announcing the ‘right’ prices.
Next, I turn to the case in which the initial capital stock lies between kA and kc
(e.g., kb in Fig. 5) and the multiplicity of paths is more probable to occur. In this
case, the optimal solution is to take the path that leads to point A (C) if and
only if
qr

HO(ko,q”)
- H”(ko,qy)=

I &!%o,

ddr

4’

=

s

:’{f(k,,

1 - 4(n(ko,4))

- c(h,,z)

- n(k,,r)k,}dr(

$0.

(13)

To gain further insight into the intuititon underlying this condition, notice
that ri = i3H”/aq is the internal supply of investment. Condition (13), therefore,
states that the optimal point between A and C is the one which yields larger
producer surplus.24

- 1.52% (2.77%), - 1.08% (2.59%), - 1.12% (3.18%), - 1.52% (3.55%), and - 1.36% (2.57),
respectively. Nevertheless, following such a path does not necessarily mean negative output growth
(recall that consumption, capital, and income are measured in effective units, see footnote 9).

23For a lucid analysis on the issue history versus expectations, see Krugman (1991).
24Note however, that in a decentralized economy the possibility of a coordination failure is present
in all cases examined in this section.
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Fig. 6. Multiple growth paths, unstable focus

Fig. 6 depicts the case where the intermediate point (point B) is an unstable
focus. Notice that, in contrast to any standard optimal growth model, in the
vicinity of point B the capital stock and its shadow value move in the same
direction. Capital is so productive that it is optimal to put an increasing weight
on its shadow price. 25 The same situation appears also in the case where point
B is an unstable node. The analysis then in this section leads to the following
proposition:
Proposition 5. If the net rate of return is not a monotone function of the capital
stock then multiple growth paths may emerge. Furthermore, otherwise identical
countries except for their initial conditions (i.e., diflerent physical/human capital
stock) may choose different steady states and follow d#erent growth paths.

4. Empirical evidence
This section presents some empirical evidence regarding the convergence of
per capita income among different countries. The findings lend support to the
existence of at least two types of development equilibria, one for the ‘developed

25As shown in the Appendix, the economy must follow the shortest route to whichever equilibrium
point it approaches. This means that only the outer parts of the spirals in Fig. 6 are relevant and the
choice between them is determined by (13).
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and one for the ‘developing’ world. This evidence is consistent with Fig. 4 and
the analysis in Section 3.3.26
A common way of examining economic convergence is the estimation of
a regression equation in which the dependent variable is the growth rate of per
capita income and the independent variable is per capita income in the starting
year (see Baumol and Wolf, 1988; Mankiw, Romer, and Weil, 1992).27 A negative coefficient then means that countries that start with a lower per capita
income (initial condition) will grow faster along the transition path, to a common
steady state, i.e., convergence is present. Using the Summers and Heston (1988)
data set for the top 30 and 15 countries in 1960, I find:2s

A LGDP = 2.501 - 0.221 LGDP60,

s = 30,

(14)

s = 15,

(15)

(2.04) ( - 1.47)
ALGDP = 5.632 - 0.581 LGDP60,
(3.52) ( - 3.10)
where GDP60,A,and S denote per capita GDP in 1960, the difference operator,
and the sample size, respectively. The letter ‘Lattached in front of a variable
indicates the logarithm of the series, while the numbers in parentheses are the
t-statistics of the estimated coefficients. Similarly, the estimated equations for
the 30 and 15 poorest countries in 1960 are

ALGDP = 1.917 - 1.390 LGDP60,
(1.39)(- 1.25)

s = 30,

(16)

ALGDP =4.023-0.661LGDP60,
(2.49)(- 2.35)

s=15.

(17)

As indicated by the first set of equations, the top 15 industrialized countries in
1960 converge in their per capita income.29 The reason that the same conclusion
cannot be reached in the larger sample is the failure of the Central and South
American countries to live up to their growth promise, partly, because of their

26Durlauf and Johnson (1992) also find strong
for the existence of ‘convergence clubs’.
27The use of GDP in the starting
(see Delong, 1988).
“1 exclude the major oil-producing
one million.

evidence

year is necessary
countries,

for models of local convergence

and hence

if one wants to avoid any sample selection

as well as countries

with population

bias

in 1960 less than

29The same result regarding the industrialized
countries is drawn in Baumol and Wolf (1988), using
an older version of the Summers and Heston data set. Also, Dowrick and Nguyen (1989) find
unconditional
convergence
among the OECD countries.
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high population growth rates (relative to investment ratios).30 Finally, from the
last two equations, it can be seen that economic convergence has also occurred
among the 15 poorest countries.
The same conclusions hold for groups that include less than 15 of the poorest
(richest) countries in 1960. Furthermore, following Mankiw, Romer, and Weil
(1992), one could include other explanatory variables in the regression equations, such as the share of investment in GDP and a proxy for human capital
accumulation.31 In this case, most of the regression coefficients become statistically significant in large samples but insignificant (due to multicollinearity
among the regressors) in small samples. The former findings suggest the presence of ‘conditional’ (on other explanatory variables) convergence, while the
latter suggest the presence of ‘unconditional’ convergence. Combining the two
sets of findings lends support to the existence of multiple convergence groups. In
the case of large samples, one needs to control for variables other than the initial
condition in order to explain the relative growth performance. For small
samples, the initial condition may, instead, be adequate, since it is highly
correlated with other explanatory variables.
This test has, however, been creticized for two reasons. First, it considers only
the first and the last year in the sample, without any attention to intermediate
years (Baumol and Wolf, 1988), and second, it may generate spurious results due
to the classical Galton’s fallacy of regression towards the mean (Quah, 1993). To
circumvent these problems, I next examine different measures of dispersion of
per capita GDP. A diminishing dispersion over time is an alternative way to
formalize the convergence hypothesis. Table 1 presents three different measures
of dispersion; namely, the coefficient of variation, the standard deviation of
LGDP, and the Gini coefficient. These results show that the conclusions reached
above regarding economic convergence are somewhat robust. It is noteworthy
that most of the homogenization took place between 1965 and 1975, while in
recent years an erratic movement is observed.
5. Concluding remarks
This paper has examined the implications of a neoclassical optimal growth
model with endogenous fertility choice in which parents derive utility from
having children and from their children’s utility. It has been shown that a stable
equilibrium can arise even in the empirically relevant case where there are
economies of scale in raising children (decreasing marginal time cost).
30By excluding the Central and South American countries
becomes:
ALGDP = 5.469 - 0.563 LGDP,
S = 24.
(7.09)
3’ I thank

from the sample, the estimated

( - 6.00)

a referee for suggesting

to extend my research

along these lines.

equation

321
75
0.23
0.23
0.13

421
118
0.28
0.31
0.15

5226
959
0.18
0.18
0.091

3730
1732
0.46
0.52
0.26

342
100
0.29
0.31
0.16

455
156
0.34
0.37
0.19

6224
1087
0.18
0.17
0.092

4514
1969
0.44
0.48
0.24

1965

372
95
0.26
0.23
0.13

488
162
0.33
0.33
0.18

7345
1046
0.14
0.14
0.074

5621
2216
0.39
0.44
0.20

1970

392
97
0.25
0.22
0.12

495
167
0.34
0.33
0.19

8262
999
0.12
0.12
0.062

6183
2417
0.39
0.45
0.22

1975

396
78
0.20
0.19
0.10

517
181
0.35
0.32
0.19

8555
1075
0.13
0.12
0.067

6400
2556
0.39
0.46
0.22

1976

Source: Summers and Heston (1988). Countries are classified according to their per capita GDP in 1960.

Mean
Standard deviation
Coeff. of variation
Std. Dev. of log
Gini coefficient

(4) 15 poorest countries

Mean
Standard deviation
Coeff. of variation
Std. Dev. of log
Gini coefficient

(3) 30 poorest countries

Mean
Standard deviation
Coeff. of variation
Std. Dev. of log
Gini coefficient

(2) 15 richest countries

Mean
Standard deviation
Coeff. of variation
Std. Dev. of log
Gini coefficient

(1) 30 richest countries

1960

Table 1
The dispersion of per capita GDP among the richest/poorest countries

404
108
0.27
0.27
0.14

543
236
0.43
0.41
0.23

9357
1235
0.13
0.13
0.067

7187
2774
0.39
0.50
0.22

1980

393
96
0.25
0.25
0.13

531
271
0.51
0.44
0.23

9848
1313
0.13
0.13
0.072

7488
3140
0.42
0.56
0.23

1984

403
106
0.26
0.27
0.14

540
278
0.51
0.45
0.26

10126
1447
0.14
0.14
0.076

7669
3303
0.43
0.58
0.24

1985
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The paper has also examined the implications resulting from ‘nonconvexities’
associated with the capital stock. It has been shown that, under endogenous
fertility choice, the net rate of return on capital may not decrease monotonically,
in which case the possibility of multiple, Pareto rankable steady states and
growth paths arises; this finding can explain the observed heterogeneity in the
growth patterns and is consistent with the empirical evidence of more than one
convergence ‘club.
Finally, I would like to comment briefly on an issue of taxonomy. On
a theoretical level, and regardless of which model fits the data better, it has been
shown that if the standard neoclassical growth model is extended to allow for
endogenous fertility choice, then it is consistent with nonconvergence in per
capita income for the world as a whole. One may therefore conclude that the
comparison between the neoclassical and the endogenous growth models
should not be based on their convergence properties. Nevertheless, one could
also argue that the model presented here is of the same spirit as the endogenous
growth models for two reasons. First, the growth rate of the aggregate variables,
which depends on the population growth rate (n), is determined within the
model, and second, the result was derived by endogenising a choice variable
which affects future productivity, just as in the endogenous growth models.
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